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Anomauin. Y cmammi oceimieni 00CmamHi yMo8U 05t 3HAX00HCEHHs. pO3n0oiny hyukyionanis 6io N -
BUMIPHO20 OPOYHIBCbKO20 Mucma (nois Yenyoea) Ha MHONCUHAX POIMIPHOCIIT MEHWLOL, HIdNC POIMIPHICTb
camozo nons. Lli pesynemamu ompumani 3a 0OnoMo20w y3azaivHeHHs eidomoi meopemu [[yba npo
i0enmuunicmo mpaucopmayii 0esaxko20 2aycciecbkozo i 8IHePIBCLKO20 NPoyecié Ha BUNAOOK BUNAOKOBUX
noxie. Bioomo, wo po3nodin pynxyionanie 6i0 6pOyHIBCHbKO20 TUCMA HA MHOJICUHAX MEHWOI PO3MIDHOCHII,
HIDIC PO3MIPHICMb CAMO20 NOJIS, 30KpeMa, MAaKux K CynpemMym Ha IAMAaHUX, npuzeooums 00 HeoOXioHocmi
po32nady Oocumb CKIAOHUX IHmMe2panie, 01 SAKUX HaAsimv OoyiHka cmac npobnemoilo. B pobomi
3aNPONOHOBAHU THWMUU NIOXI0 00 eupiwenHs yici 3adaui. Mu po3enioaemo UMOSIpHICMb MO020, WO
cynpemym OPOYHIBCHKO20 TUCTNA € MEHWUM, HIdC Oesika yHkyia 3Hocy. Ompumani pe3yivmamu Moxcymy
icmomHo cnpocmumu 3a0ayy 3HaAX00NHCEHHs PO3NOOILY QYHKYIOHANIE 8i0 OPOYHIBCLKO20 AUCTA, 360054U iT
00 3a0aui 3HAX00HCEHHS PO3NOOITY HA NApanereninedax po3mMipHoOCmi MeHwoi, Hidc po3mipHicms noas. B
pobomi  maxodic 3anponoOHOBAHO HU3KY NPUKLAOiE, SKI ILTIOCMPYIOmMb CHPABeOIUBICIb  OMPUMAHOT
meopemu  WIAXOM MOOETOBAHHS BIONOGIOHUX NONIE [ NOPIGHAHHA eMNIPUYHUX [ MeOpemuyHux
imogipnocmet. [{na mooenr08anus 610 BUKOPUCTHAHO MOBY CHAMUCMUYHO20 npozpamysanHs R. Ilpu
MOOenio8anti OPOYHIBCLKO20 NUCMA BUKOPUCMAHO PO3POOJeHUl paniule CheyianbHUull anizopumm, uo
00360J18€ MOOeno8amu BUNAOKO8] NOsL 3 KOBAPIAYIIHUMU (DYHKYIAMU CREYIATbHO20 8UQY, A MAKOJNHC iX
38YHCEHHS HA MHOXNCUHU MeHwioi posmiprocmi (kpugi, ramani). Hasedeno 6i0nogioni npoepamui koou, a
MAK0HC pe3yIbmamu MOOe08aAHHA.

Knrouoei cnosa: sinepiecokuii npoyec, nore UYewyosa, OpOYHI6CHKUUl AUCH, pPO3NOOLL CYynpemMymd
bpoyHiscvbkozo aucma, meopema J{yoa npo mpancgopmayiro.

Abstract. The paper describes sufficient conditions for determining the distribution of functionals of an n-
dimensional Brownian sheet (Chentsov field) on a set with the dimension lower than the dimension of the
field. The results have been obtained through the generalization of the well-known Doob's Theorem on the
identity of the transformation of some Gaussian and Wiener processes in the case of random fields. It is
known that the distribution of functionals of a Brownian sheet on the sets with the dimension lower than
the dimension of the field and a set of suprema of a piecewise linear curve in particular requires dealing
with rather cumbersome integrals that might be hard to estimate. The paper suggests an alternative
approach to the problem and considers the probability of suprema of a Brownian sheet being less than a
certain drift. The obtained results can significantly simplify the task of determining the distribution of
functionals of a Brownian sheet by reducing it to the problem of finding distribution on parallelepipeds
with the dimension lower than the dimension of the field. There is also illustrated the validity of the
obtained theorem through modeling some Brownian sheets and comparing empirical probabilities with
theoretical ones. For the simulations, there have been used the R statistical software. In order to model a
Brownian sheet, there has been utilized a special algorithm allowing to model random fields with
covariance function of a special form as well as their restrictions on sets of lower dimension (curves,
piecewise linear curves). The corresponding R code is provided as well.

Keywords: Wiener process, Chentsov random field, Brownian sheet, distribution of the supremum of a
Brownian sheet, Doob s Transformation Theorem.
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1. Introduction

The paper considers the distribution of an n-dimensional Brownian sheet (Chentsov field)
X, (8)= X, (s,..,5,) on a set S of the dimension lower than the dimension of the field.

The Brownian sheet was first described by Chentsov [1] and Yeh [2]. In Russian-language
literature it was previously known as Chenstov field, whereas in English-language literature
the name Wiener-Yeh field was commonly used. Now, it is usually referred to as a Brownian
sheet. It is known that random functions such as Brownian sheet occur in modeling of external
effects influencing a system at a random moment in time and at a random location. For instance,
this is @ common scenario in the problem of modeling small transverse vibrations of a string
under the influence of random external forces or in the problem of heat transfer in a rod with the
presence of random heating/cooling sources [3, 4] as well as in filtration problems [5].

The problem of finding distribution on a set of the dimension lower than the dimension of
the field occurs, for instance, in percolation theory [6].

Although some research on the distribution of the maximum of a Brownian sheet on a unit
square has been conducted, no exact results have been obtained yet.

For example, a lot of results regarding the distribution of superemum of a field restricted
to curves and polylines have been obtained. For the case of 2-dimensional field on the unit
square, Park, Paranjape [7-9] have obtained the distribution of superemum of the field restricted
to a polyline with a single vertex. In addition, considering the limit of the polyline, they have
obtained distribution on the boundary of a square. Generalization of these results for a polyline
with n vertices was considered by Klesov and Kruglova [10-12]. However, the obtained exact
distribution of supreremum is given in terms of quite cumbersome integrals direct estimation of
which may become problematic. That is why Kruglova and Dykhovychnyi [13] suggested an
empirical approach to finding the distribution by modeling corresponding restriction to polylines.
The suggested method is based on Doob’s Transformation Theorem [14].

The problem of finding the following probability is of a special interest:

P{ sup w(t)— f(t) <O},

0<t<T

where w(t) is a Wiener process and f (t) is a deterministic function (drift).
For a n-dimensional Brownian sheet X, (s;,...,S,), Similar problem can be generalized as
follows:

P{Sl;p(xn(sl,---,sn)—9(51,---,Sn)) <0}, 1)

where S is a set of the dimension lower than n and g(:) is a continuous function.

A preprint of the paper was published on arXiv (preprint arXiv:2006.06243 (2020)) [15].

The aim of this article is to simplify the problem of determining the distribution of
functionals of a Brownian sheet by reducing it to the problem of finding distribution on
parallelepipeds with the dimension lower than the dimension of the field.

2. Definitions and preliminaries

Let us denote A and v as minimum and maximum respectively.
Definition 2.1. A real-valued separable Gaussian  stochastic  process

{X,(5),5=(sy,....5,) €[0,1]"} is called a Brownian sheet with n parameters, if X, (s) is such
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that:
1. X,(s)=0,if 5-...-5, =0.
2. E[xn(é)}o,for all se[0,1]".
3 E[xn(é)xn(f)]q‘[rzl(si At), forall s,t=(t,...t,)[0,1]".

Theorem 2.1. (Doob’s Transformation Theorem [14]) Let Y (t) be a Gaussian process
with E[Y(t)] =0, forall t>0, and covariance function

R(s,t) =u(s)v(t), s<t. (2)

If the function a(t) =u(t)/v(t) is continuous and strictly increasing with the inverse a—(t), then
w(t) and Y (a~1(t))/v(a(t)) are identical processes.

3. Main results

3.1. Generalization of Doob’s Transformation Theorem

In order to solve the main problem (1), the following analogue of Theorem 2.1 is necessary.
Lemma 3.1. Let Y(s) be a Gaussian field with E[Y (E)] =0, for all

s=(s,....S) €[0,00)", and covariance function

. . n
E[Y (s)Y (t)] = [ui(si AtVi(si v ) (3)
i=1
forall s,t=(t;,...t,) €[0,0)" .
If the functions a; (t)ZUi_Eg’ i=1,n are increasing and continuous, then the field
Vi

Y (@t (t), - 3 ()
AC()) A CR (%)
i =1,n denotes the inverse of g ().

Proof.
Let us calculate the expectation and the covariance function of Z(t). It is clear that

E[Z(f)} = 0. Then, using (3), we get

Z(t) =

and Brownian sheet Xn(f) are identical fields, where a; l(-),

_— Y(a (sy) e an(sn) Y@ (), ant(ty))
E| Z(s)Z(t) |=E -
[ ] Vi (a0 (51) Vi (85 (5n)) Vi (@ (1)) - Vi (a3 2 (t))

_ i@t (s) Aa (1) - Un (@ (Sn) Adn (t)
ACRCY)) BRACRICH)

@) var )y (ag (s van (ty)) _
Vi@ (1) Vo @y ()
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_ @ (s Aar (1) o Un (@ (S) Al (t))
V(@ (s) Aag (1) Vo (8n (Sp) A Bn (E)

@) vart ) Vo @ (sn) vartty)
V(8 (s) v A (1)) Vi (8 (S0) v an ()
=ay (8 (s) Aar () o an (B (Sn) A dn (L) =
= ay (8 (Sy AY)) e an (a7 (Sy Aty)) = (S A L) s (8 AL

The penultimate equality holds because the functions a;*(\), i =1,n are strictly increasing. Thus,

a(s)Aa () =8 (5 A), T=1n.
Using the definition of a Brownian sheet, we get

[ Xn(©)Xn ()] = (1At (50 A,
E[xn(f)]zo.

Due to the fact that the Brownian sheet X, (t) and Z(t) are both Gaussian, the field Z(t) and

X, (t) are identical.
Lemma 3.2. Let Y(s) be a Gaussian field with E[Y(é)]:o for all

s=(sy,....S,) €[0,0)" and covariance function

N N n
E[Y (s)Y (t)] = [ui (si At)vi(si V) 4
i=1
forall s,t=(t,...t,)€[0,)".
If the functions ai(t):ui—ég, i=1,n are decreasing and continuous, then the field
Vi

-1 -1
Z(t) = Y(_?l ()., 2 (_tf)) and Brownian sheet X, (t) are identical fields, where a; (),
Vi(art (1) Vi (a5 (1))
i =1,n denotes the inverse of a,(").
Proof.
Let us calculate the expectation and the covariance function of Z(f). Analogously to

Lemma 3.1, we get E[Z(f)] =0. Then

Y@ )@ ) Y@t mantt) |
Uy (a7 (51)) - Un (B (7)) U (@g (1)) - Un (7 (t))

E [z@)z&)] -E

L@t (s) Aart ) Uy (@ (5n) Adn (t)) _
Uy (ag " (sp) Aar () U (30 (30) A 8 (E))
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_ i@t s var W) Vo (@ (s) vay (t)) |
uy(ar () v ar () o Un (B0 (Sp) v an (1)
= ay (8 (5) v ag H(t)) - an (8 (Sp) v an (1) =

= al(al_l(sl/\tl))'---'an(arTl(sn /\tn)) = (51 /\tl)'---'(sn /\tn)-

The above holds because the functions &; 1(-) ,i=1n are strictly decreasing. Therefore,

al(s)vat(t)=a (s AL), i=1n.
Since E[xn(é)xn(f)]:(slAtl)-...-(snAtn),
E[xn(f)] = 0.

Therefore, smilary to Lemma 3.1, the field Z(t) and Xn(f) are identical.

3.2. The main theorem

Let G =[0, y;]x...x[0, y,]<[0,1]".

Supposing that d <n, let us consider a d -dimensional surface S <[0,1]" given by

d
Sg1 = Fg1(Spre-80) =191 g4 ()
i1

d
Sp = 1:n(slv--’s’d):l_I(Pl,n(si)'
i=1

where 0<s; <vy;, i = 1,n, @i (si)k =1,d, j =d +1,n are decreasing functions.
Let us denote decreasing functions z(),i =1,d , so that

n d
L1 fi(sp---080) = [z (5))-
i=1

d+1

Let ai(t):zL(t) and x; =a;(y;), i=1,d,and D=1, x..x I, where I, =[0,x].

1
Theorem 3.1. Let X,(s) be an n-parameter Brownian sheet on G. Let gs(S;,...,Sq)

denote the restriction of g(s) to S. If forall i =1,d, there exists a;*: 1, — [0, y;], the inverse of
3;(-), then

P{sup(xn(é)—g(é» < 0}:
S

05 (a1 (1), 2" 1) }0}'

7 (8t (4)) - 2g (33" (tg))

= P{sup(xd (t, . tg) -
D
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where Xq(t;,...,t4) isan d -parameter Brownian sheeton D.
Proof.
Let Xg(S,...,Sq) denote the restriction of X(§) to S. The expectation and the

covariance function of the field Xg(s;,...,S4) are

E[Xs(Sy,---,Sq)] = E[X(S1,---,Sqs fgaa(Spse-1Sg)s-- Tr(Sp,---28¢))]1 = 0.

Then E[Xs(Sp,-:5¢) Xs (b, tg)] =
=E[X (S, 8¢ faa (St Sq ) T (Spree o Sy Xty ity fypa (b, ntg)e fr(t o tg))l =

n

d
=[1Gsint)- TT (fj(sp,--89) A Fity,ennty)) =
i1 i

=d+1

d d n d
=[1GiAt)-IT T1 & j(sivt) =TI At)z(svE).
i=1 i=1

i=1 j=d+1
Since z;(t),i=1,d are decreasing, T i=1,d are increasing. Hence, the assumptions
z

i
of the theorem allow us to apply Lemma 3.1.

P{sup(xn(é)—g@» < 0}=
S

:P{ sup <><s(sl,---,sd)—gs(sl,---,sd)><o}—
[0,y 1x.. x[0,y4]

_p{supL Xs(@ (). () 9s(ar' ). a5 (ta)) }O}_
D

) 2 (1) 29 (Bg (1)) 21(ar (b)) - 24 (B9 (tg))

s (3" (1), - 35" (1) }0}
7 (3 () - 24 (B (tg))

Therefore, using Theorem 3.1, it is possible to reduce the problem of finding the
distribution of the maximum of X, (t;,...,ty) on S to the problem of finding its distribution on

the parallelepiped D, which may be easier to deal with. For instance, this may be the case if one
wants to study the asymptotic behavior of this distribution.

= P{sup(xd (t, - tg) -
D

3.3. Examples

Let us consider the following two applications of Theorem 3.1.
Example 3.1. Let X3(s;,S5,83) be a 3-dimensional Brownian sheet (n=3 and d =1)

and let S be a curve given by
Sy, =4f1-5,
S3 = 1—51.'
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Let us suppose g(s;,S,,S3) = Sy +S,S3. Then it can be shown that

P{sgp(x (51,52,53) —9(s1,52,53)) < 0} =1-e7.

Solution. From the definition of S we have

21(s7) =1-sy,
]
a(s) .
The inverse of a,(-) is

ar(s)) = %

_ 1
Then 7(ay'(sy)) = ey
and Os(s) =5 +1-5, =1
-1
Hence, w =1+s.
21(3 °(s1))

P{SUP(Xs(% S2,S3) =S —S83) < 0} =
S

= p{ sup (w(t)-1-t) < o} =1-¢2

te[0,00)

The given above identity is due to the following result [14]:
P{ sup (w(t)—at—b) < O} =1-e722 (5)
0<t<owo

Example 3.2. Let us suppose that g(s;,S,,53) =S +55+55 and S is the same as in
Example 3.1. Then it can be shown that

P{Sl;p(XS(Sl' $2,53) —9(81,52,53)) < 0} =1-e™"

Solution. Since g(s;,S,,53) =S +55 +s§ , we have
9s(s) =8 +1-5 +1-5 =2-¢),

9s (@ (s0)

=2 .
y@i) -

Finally, using Theorem 3.1, we get
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P{Slsjp(x3(31’ S5,83) — S, — S5 —53) < 0} =

= P{ sup (w(t)—2—t) < 0}:1—e‘4.

te[0,00)

It is reasonable to compare the obtained probabilities with the corresponding empirical
estimates resulting from simulation of the 3-dimensional Brownian sheet. Let us use the
algorithm for the simulation of a Gaussian processes with special covariance function suggested
in [13].

Below there is given an R code that simulates the Gaussian processes provided in
Examples 3.1 and 3.2 and computes both empirical and theoretical distributions of their
maximums.

> m<-numeric(10"4)

> n<-numeric(10"4)

> for(i in 1:10M){

+ t<-seq(0,1-1/1000,length.out=1000)

+ vi<-1-t

+ at<-t/(1-1)

+ D<-diff(at)

+ y<-vt*c(0,cumsum(rnorm(999,0,sqrt(D)))) # the field

+ mfi]<-max(y) # compute maximum (Example 3.1)
+ n[i]<-max(y-2+t) # compute maximum (Example 3.2)
+}

> ml<-m[m<1]
> length(m1)/10"M4

[1] 0.8683 # empirical probability (Example 3.1)
> 1-exp(-2)
[1] 0.8646647 # theoretical probability (Example 3.1)

> nl<-n[n<0]
> length(n1)/10"4

[1] 0.9833 # empirical probability (Example 3.2)
> 1-exp(-4)
[1] 0.9816844 # theoretical probability (Example 3.2)

It can be seen that in both cases the theoretical results are quite close to the empirical ones
(increasing the number of points in the mesh that will clearly increase accuracy of the estimate).

Let us consider another example for a 4-dimensional Brownian sheet.

Example 3.3. Let X,(s;,S5,53,S,) be a 4-parameter Brownian sheet. For 4>0, let us

consider the following probability:

Ps(X) = P{ sup (X4(31,52153,54)— A%354 j<0} (6)

(81:50:53,54)€S (51+33)(52 +S4)

where S :{(51,32,33,54):0£si s%,i =1,4,5;=1-5,,5, :1—52}.

Solution. Let Xg denote the restriction of the field X,(s;,S,,S3,54) to S. Itis clear that
Xs(s1,82) = X4(51,82,1-5,1-5,) and

78 ISSN 1028-9763. Maremaru4si maruuau i cucremu. 2021, Ne 3



2
R(5,T) = E[Xs (5) Xs (D) =T 1(si At )(L-5; V).
i=1

Using the notation of Theorem 3.1, we have

21(8) =1-5,25(52) =1-5,.

- $ _ S
Therefore, a =— a,(S,)) =
1(S1) -5, 2(S2) s,
and  arl(s) = —lark(s,) = —2-y =1y, = Lo = a(y) = L% = a(y) =1
1 1+81'2 2 1+52’1 2’2 2’1 1\)1 1 A2 1\)1 :

Using Theorem 3.1, we can rewrite the probability (5) in the following form:

Ps(X)=P sup (X (s1,80)—A(l—s)(1-5,))<0;=

(51.5,)l0.1/2]2
— ) —
=P sup  (1+s)(1+55)Xg [—,—J<A =
(31,52)6(0,1]2 1+s 1+s,

=Py sup Xy(s,8) <4y,
(51.59)=(01°

where X(s;,S,) is a 2-dimensional Brownian sheet. In this way, the initial problem is reduced to
the problem of finding the distribution of supremum of the Brownian sheet on a square.

4. Conclusion

In this paper there has been obtained a generalization of Doob’s Transformation Theorem for a
multidimensional Gaussian random field. This generalization has been used to reduce the
problem of finding the distribution of supremum of a n -dimensional Brownian sheet restricted to
a lower-dimensional set to the problem of finding its distribution on simpler sets
(parallelepipeds).

With the help of a special algorithm it became possible to conduct modeling of Brownian
sheet restrictions to various curves and obtain in the result their empirical distribution which
appeared to coincide with the theoretical ones.
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