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HaykoBa npobnema, nopogxeHa MoaeNtOBaHHAM 2
TeXHIYHUX | NPUPOAHNYMNX NpoUecCiB 31 CKIHYEHHOI0
KINIbKICTIO HEBU3HAYeHUX NapaMeTpiB

HeBun3Ha4eHOCTi NnapamMeTpiB Mogenen TEXHIYHMX | NpUpoaHNYMX npoueciB (nepiog NpUpobnsiHHA

aeTanen, By3niB MallWH YK arperaTis, iIMOBIPHOCTI nepebyBaHHSA akTUBHOro 06’ekta Ha pybexax

obnacTi nowykiB, TeMnepaTypHa 3anexHiCTb B'A3KOCTi po3nnaBsiB NofAiMepHUX peumknaTis, BUBIp
MeTo4y HaBYaHHA HEMPOHHOT MepeXxi, BUBIp dyHKLiTI akTMBaUii LUTY4YHOro HEMPOHA)
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-

YCYHEHHSA HeBM3HAYEeHOCTEMN |*

BukopnctaHHA iMmoBipHiCHUX
po3noainiB (nonepegHbLO
ouiHeHux abo 3a3ganerigb

BiJOMMX) HA MHOXWHaX

MOXIMMBUX 3HAYEHb NMNapaMeTpy

Bun3HauyeHHa maTeMmaTU4YHOro
cnoaiBaHHA SOCNIOXyBaHOIro
napameTpy

y
/" BUKOPUCTAHHS @aHTaroHiCTUYHMUX
Mogenewn (Konu iMOBIPHICHI
pPO3MNO4iNN Ha MHOXWHAX
MOXITMBUX 3HAYEHb NapaMeTpy €
HeBigoMUMM abo X OLIHKN €

\_HEBU3HaYeHMW, “pO3MUTUMW") /

/ Peanisauiga 3miwaHol \
onTUMarnbHOI cTpaTeril 3a
CKiHYEHHY KiNnbKiCTb
po3irpyBaHb
(BMMiptoBaHb, MNOCTPINIB,
NEBHUX AOisIX CTOCOBHO

Q6’6KTa oChioKeHb Tou_lcy

Po3B’s130k
aHTaroHiCTU4HOI
moaeniy dopmi

YMUCTOI onTUMarnbHOI
cTparerii rpaBus

Po3B’a30k aHTaroHicTu4Hoi
MoLeni y gopmi
3MillaHoOl oNnTUMarsnbHOI
cTparerii rpaBus
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HaykoBa npo6neMa Ta MeTa AOCNIAKEHHS 3

HaykoBa npobrema: 3aCTOCYBaHHS NPUHLNNY
ONTUMArnbHOCTI Yy MaTPUYHUX Irpax (K Moaensx
NPUNHATTA pileHb 3a YMOB HEBW3HAYeHOCTI [0
BUMaOKiB, KOS KINbKICTb po3irpyBaHb (peanisadin rpun)
€ CKIHYEHHOIO.

MeTa pocnigkeHHa: nobygoBa OCHOB MaTeMaTUYHOrO
MOAENIOBAHHA NpOLUECIB  KOMM'IOTEPHOI  peanisauii
NPpUHUMNY OMNTUMAnNbHOCTI B MATPUYHUX Irpax 3
ypaxyBaHHSM CKIHYEHHOCTI KINIbKOCTI peani3auin rpu.
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O6’eKT Ta NnpeaMeT AOCNAIMKEHHS 4

OBO’ekT pocnigKeHHA: ©OaraTtoeTanHi npouecu 3
HEBU3HAYEHOCTAMMU, YCYHEHHSA AKX MOOENOTHCA
AK aHTAroHICTUYHI Irpu.

[MlpeameT pocnimKeHHa: onTumMmanbHa noBediHKa B
aHTAroHICTUYHUX IrPOBUX Modendax 3a YMOB
CKIHYEHHOI KINBLKOCTI IX pearni3auin.
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CnexkTpuv onTUMaNbHUX CTPATErin y MaTpUYHIN rpi 5
Ta BiANOBIiAHI TM BEKTOPU HEeHY/1IbOBUX IMOBIPHOCTEN

K={w ]
suppX={% € X: g, >0} ={x,| (1)
X,=| P B, - B, B, (2)
suppY ={y, €Y : q, >0} ={yj|}|L_1 (3)
Y,=|d, 4, .. q_ G| (4)
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Moaenb o6MpaHHA YUCTUX CTpaTeriu 6
3i cnekTpiB (1) i (3)

0 c 2 D Zu:@ik = x,ue{lLKl (5
_ k=1 k=1

[ v—1 v
cel a6, | =y,.vellt]  ©
- 1=l =1
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3aaava Ana apyroro rpasus V4
([ g-l \

min_ |~ Zv(m)+\7(yj8,g) (=

X, sn. )| g

k \_ m=1 )J
rl g1 K )
:<Supp5<I,2111f91pY,G>%§ mz;\/(m)—l_kzllwikjS pik (g) ’
g=1,G (7)
[~
9 Zv(m)+v(y13,g) B
m=1
[ & .
:g Zv(m)_l_ZWikjspzk(g) \V0pt+62(g) (8)
m=1 k=1 ,



DYHKLUIA A0ONYCKY BTpaT Aana 3aaaul (7), (8) 8
0<8,(9)<8,(g-1) Vg=2,G (9)

(10)

Voo  +0 (1)\\/ = min max w,
=L NieLM 7

8, (1) <V = Vo = ]mlu]lvzmlaj\)}w ~ Vet (11)
]
9P, 9
] ]
B, 2 = , 8, =1 (13)
Vip ~ Vopt ]mlnjlv lmlaﬁw — Voo
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3agaua ANna nepuoro rpasus 9

max <é Zv(m)+\7(xir,g) =

<supp X, suppY, G>

g ([ g-1 L ) )
1
B <supp)%2%§ﬂﬁ(3>i§\ o V(m)+ gwirjlqll (g) )>a
9=1G (14)



PyHKLUIA AOoONYCKY BTpaT Aanda 3apavl (14), (15) 10

0<8,(9)<8,(g-1) Vg=2,G (16)
Vept —81(1)>vlow :g,a]\}; ]11’1111]1\[ W, (17)
8, (1) < Ve = View = Vot _f?f‘—ﬁf?%wv (18)

|

gp3,9"

| |

Bl > — . 9 al :1 (20)
Vot ~ Viow ~ Vopt — Max min w

i=1, M j=l, N 7
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CneulanbHe npeacraB/iIeHHA CNeKTpasibHOI YHaCTUHM (4)1 1

¢ (1)=Gq, VI1=1,L. (21)

Y g-u maprtii rpu, e ¢ =2, G, nepmmuil rpaBenb

ICJIsI BUOOPY APYTHM I'paBlLEM Y MOIIEPEaHIN (g — 1)-ﬁ

maprii crparerii Y, , Se{l} , obuncmoe iMmoBipHOCTI
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KopuryBaHHSfl cneKTpasibHOI YaCTUHHU (4) 12

_ Cs(g —1)—1.1+sign[cs(g —1)—1} . cs(g)

qjs(g) G 9 G ~
B ) c(g-1)-1 1+sign[cs(g—1)—1}
e o 2 (22)

R : i
1-q; (9-1)
:C'ég? vieli ]\ s) 23)



Mopaenb obMpaHHS YUCTUX CTpaTerin 3i cnexTpy (3) 13
ans Bunam(y CKIHUEHHOI KiJIbKOCTi peanisauin rpu

e Zﬁ,—,;Zdh =y velll}  (©
L 1=l =1

g-1
é Zv(m)+v(yjs,g) —
S 2 D w2 (8) < (2) ®
0<3,(9)<8,(9-1) Vg=2,G 9)
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paHUYHe 3HaYeHHS BUrpally nepLluoro rpasus 14

Teopema 1. CepenHiii BuUTpall IIEPIIOrO T'PaBIs
1
—Zv(m) (mporpair ApPyroro TIpaBLs) MOpsIMye 10
S

OIITUMAJIBHOI'O 3HAYCHHAA I'PU.

g
lilev(m):vopt.
=1

g—0 g

JloBeneHHA.

g-1

Zv +v x,,g) =

m=1
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paHUYHe 3HaYeHHS BUrpally nepLluoro rpasus 15

1 g-1 L
:E Zv(m)—l_Zwirfzq]z (g) = Vopt _61 (g)
m=1 [=1
1
8,(9)= T neil, 2}
B9
1 -1
Bl = (Vopt _Vlow) = (Vopt o ?31?? ?1:11’2 Wyj
[
(ll_)nolog Zv(m)_l_"}(xira g) > él_I)Iolo[vopt _81 (g):| —
m=1
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paHUYHe 3HaYeHHS BUrpally nepLluoro rpasus 16

| 1
= Vopt — 31_130 T Vop
L9B,9%
1<
i 3 vt (5..2) .,
[~ \
2 Zv(m)+\7(yjs,g) =
g m=1 /
[ & o
= 2vm) e D () [ v 433 8)
m=1 k=1
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paHUYHe 3HaYeHHS BUrpally nepLluoro rpasus 17

o1
él—I};loé Zv(m)+\7(yjs,g) géiil}o[vopt+82(g)}:
" [ )
. 1
:Vopt_l_él_l}}o T | = Vopt
L9B,9™
[~
;I—Igg Zv(m)+\7(yjs,g) <V
m=1
[~
élgoloa Zv(m)+\7(yjs, g) = Vopt
m=1
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OuiHKa cepeaHbOro BUrpaLly nepLioro rpaBus 18

1
Sl(g): a, +1

B,g °

1 |
Vv —maxmmw > — =

opt /)
i=l, F j=1,§ \% —maxmlnw
Bl opt i=1, F j=1, 8§ y
Vopt — IMax mln W ij 1
i=1, F j=I1, S >8 ( )_
q+l ZO\&) = a+1
a a
g" pP.g ™
Vv . —INnax man max rnln W —V
—6()>— opt llF]lS]_llFJIS] opt
] g)= a,+1 - a+l
a a

g g
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OuiHka cepeAHbOro BUrpallly nepLioro rpaBLs

max minw, — v,

_6() V _I_llF]lS _

a;+1

a

g

Voo | 9 —1 |+ max min W,

19

i—L.F j=l.5 U
_\ )
a, +1
g "
[ at A
y v..lg® —1|+maxminw,
(& \ P \ ) i=1, F /
= Zv(m)Jrv(xl.r,g) > e
g\mzl J a4
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Cxema HenpoHHoI MATLAB-Mepexxi Ta Il HABYAHHSA 20

/ Neural Network Training (nntraintool) |Z||E||z|

MNeural Metwork

Layer Layer
Input Qutput
35 26
10 26

Algorithms
Training: Bavesian Regulation (trainbr)
Performance:  Sum Squared Error (552
Derivative: Default  {defaultderivi
Progress
Epoich: o | 15 iter atkions | =000
Time: | 0:00:06 |
Performance: 169 [0 Esd | 0.100
Gradent 65 o BEm ] 1o0w0s
Mu: 0.00500 | 0.00500 | 1.00e+10

cifecive # Param; 646 [ PRANM | 0.0

Plots

—
Training Skate {plottrainstate)

-
Plot Interval: ./ 1 epochs

@ Training neural network...

...... @ Skop Training |’ @Cancel ]
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[NOpIBHAHHA HaBYaJZiIbHUX (PYHKLIN afiIrOPUTMY 3BOPOTHOIO
nowMpeHHsa HeupoHHoi MATLAB-Mepexi 3a pe3y/ibTaTaMym

21

po3ni3HaBaHHSA CMMBOJIIB 3 N06ITOBUM BifO06paXKeHHAM

_ Taken period
Number | | BPATF name in Description Recognition Error |for getting the
of BPATF | MATLAB 7.14 b Rate trained FFNN,

seconds
[lopsiakoBui ) IIepio
nomep | HaszBa dynkuii Omc PiBeHs mommiiok HanfHHi
HaBuyaibHOl ly MATLAB 7.14 pO3Mi3HABaHHS Y
byHK1ii CeKyHaax

1 trainbfg BFGS quasi-Newton backpropagation _ 5.3
2 trainbr Bayesian Regulation backpropagation 0.100 151.2
3 traincgb Conjugate gradient backpropagation with _ 390.6

Powell — Beale restarts

. Conjugate gradient backpropagation with _
4 traincgf Fletcher — Reeves updates 98.8
. Conjugate gradient backpropagation with _

> traincgp Polak — Ribiere updates 48.6
6 traingd |Gradient descent backpropagation 0.130 142.5
7 traingda Gradient desc_ent with adaptive Ir 0.127 218

backpropagation
8 traingdm  [Gradient descent with momentum 0.132 144.3

I . .
9 traingdx Gradient descen_t w/momentum & adaptive 0.127 79 4

Ir backpropagation
10 trainlm Levenberg — Marquardt backpropagation 25.9
11 trainoss  |One step secant backpropagation 446.2
12 trainrp RPROP backpropagation 15.1
13 trainscg |Scaled conjugate gradient backpropagation 0.133 6.7
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BusHauyeHHA 2x6-MaTpuui Ana 3agadi NPUUHATTSA pIlLEHb 22

I’E<I§> >0.15> I"E<Ij{> s K e {1,_13} \{2, 6,7,8,09, 13}

6

Ipu | € {2, 6,7,8,9, 13} = { ju}u:1 (24)
[hnu ]2><6
f<jU>
h, = R ol Yu=1,6 (25)
(2, 3%9,13}{&1‘ }
P;
h,, = . Yyu=16 (26)

u ~
max (p)]
je(2,6,7,8,9,13} L]
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BusHauyeHHA 2x6-MaTpuui Ana 3agadi NPUUHATTSA pIlLEHb 2 3

I’<9> ~(13) ]

_|'='<2> rE<6> f<7> r<8> i rE<R

ER ER
) pz r)6 FN)7 ﬁS p9 ﬁ13_ ~
[ 01 013 0127 0132 0.127 0.133 o7
1512 1425 218 1443 224 6.7 |

[Mhu s =

[0.752 0977 0.955 0993 0955 1 08
| 1 0943 0.144 0954 0.148 0.044
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Po3B a3yBaHHA 3[1P 3 TpaHCNOHOBAHOIO MaTpuLero (28)2 4

KO0 npuMMaTy pIBEHb IMOMWJIOK PO3II3HABAHHS
Ta IEP10J HABYaHHS PIBHOLIHHHMHM, TOOTO 3 Baramu

[0.5 0.5], TO/I1
u, eargmin(h, +h, )={6}, j, =j,=13. (29

u=1, 6

SIKIO mpuMMaTd p1B€Hb IIOMMJIOK PO3III3HABAHHS
Ta IICP10J HABYAHHS 3 BaraMu [0.75 0.25] , TOJI1

(3 1 . .
U*Eargﬁil% Zhlu_l_zhzu :{3}9 Ju*:J3:7' (30)

j Hazga Qynkuii Oruic PiBenb mommiiok  |[lepion HaBuaHHS
i y MATLAB 7.14 pO3Mi3HaBaHHSA y CEKyHJIax
- |Gradient descent with adaptive Ir
7 traingda backpropagation 0.127 21.8
13 trainscg |[Scaled conjugate gradient backpropagation - 6.7
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lapaHTOBaHI napameTpu MATLAB-Henpomepexi 25

Q=[0.7657 0 02343 0 0 0|]eQcQ-=

:<Q:[q1 q, - q6]€R6:

§
6 3\
E quzl,que[O,l]‘v’uzl,6> (31)
u=l1 )
j HazBa ¢ynkiii 0 PiBeHb MOMMIIOK [Tepion HaBYaHHS
y MATLAB 7.14 e pO3Mi3HaBaHHS y CeKyHIax
2 trainbr |Bayesian Regulation backpropagation 0.100 151.2
- Gradient descent with adaptive Ir
7 traingda ||O‘,mkloml%Igation 0.127 21.8

V- max - EV(100) ~0.1063  (32)

Pt jef2,6,7,8,9,13)

v, j6{2’217a}>8<’9’13}{ p;(100)} ~120.88  (33)
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OnTuMasbHe KOMOIHYBaHHA aJiICOPUTMIB HaBYaHHSA 26
HeMpPOHHOI MepeXi 3 piBHEM NOMWUJIOK pPo3MNi3HAaBaHHS
3a YaCOM HaBUYaHHA Npu 06’eMi CNOXXMBaHMX pecypciB

pj < pmax’ tj < tmax’ uj < Mmax (34)
K:[Wij:|3><N
. t. u.
Wi = " , Whi = : , Wy = : (35)
max P, maxt maxu,
n=1, N n=1, N n=1, N
Qeargrgggr}rgg;((X K-Q ):QCQ, (36)

e
X:[xl Xy x3]€X:
:{X€R3IX1+X2 + X5 =1, xl.E[O; 1] ‘v’i:L_3}
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NMpuknan cIJOPMYBE:IHH;I MaTpuul 3 enieMeHTaMu (35) 27
AN HEUPOHHOI MepeXXi 3 TPpboMa NnapamMeTpamMm

p...=005 1t =60, u =16 (37)

4
{p,}  ={0.034,0036,0.04,0032}  (38)
(t} ={(54,513,3758,52.92) (39)

fu, }‘:1 ={12.125,9.375,9.375,125}  (40)

(085 09 1 08)
K=|kj| =| 1 095 07 098] (41)
097 075 075 1
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OnTuManbHa cTpaTeria AoC/NIAHUKA Y PO3B A3KY 28
BiANoBIiAHOI 3x4-rpu 3 matpuuero (41) i rapaHToOBaHI
napameTpu MATLAB-HenpomMmepexi

10 74 115

D=|0 — cR* 42

Q 73 219 219 (42)
193

Vv =——=~0.8813 43

219 %)

V- maxt, = g-54 ~47.589 (44)
n=1, 4 219

V__ -max —g-004~003525 (45)

Pt nop4 pn_219 R

Vo - axu, 22-12.5 ~11.016 (46)

n=1, 4 219
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Matpuua 9*10-rpm anga npuknaay npouecy 3MmiHM
cepegHbOro BUrpally nepLworo rpaBus

B E:\MATLAB7pOp1work'.a_Cyb_Fac.m
File Edit Text el Tools Debug Deskiop “Window Help

NS RBRo ~ S|#A7F

aﬁl‘@cﬁ@@@‘ﬁacﬁ:lﬁa...vl

1- clear

& | = zlose all

3

4 -  P=[ 25 28 17 25 13 19 25 -z 22 7 H00 o
5 = 14 21 15 34 29 16 -5 1a 19 00 ¢
f 23 25 26 25 13 33 = 28 17 ] H00 o
7 17 27 -13 23 15 25 -7 L -10 14 00 ¢
=] 3 la 29 12 g 31 11 = 22 7 200 ¢
=] 15 11 10 = a] 3 26 30 29 7 00 ¢
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1lg
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3apaui ansa yrpuMmaHHS HepiBHOCTI (8) i po3B'si3yBaHHSA 33
ONyKJUX irop

rl [ g-1 \
<Supp)%glllgﬂ?, G><k§\mz;\/(m) + V( yjs ) g ))j —
(& K \)
) <supp>%2111£lp\?, G><\a \mZ;V(_m) + kZI:Wik i pik (g ))j,
Vopt =K (X9 yOpt) (47)
popt (Xc<>1)>t ) r1 + |:1 — popt (X(<)1)>t ):| r2 =0 (48)
P (Yo ) <[0:1] (49)



3aaadi ana po3B'A3yBaHHSA ONYKJ/INX |rop Ta 3BYXKEHHA 3/
MHOXXMHM ONTUMAJIbHUX CTpaTerii AocnigHMKa

X = {x<l> x<2>} (50)

opt? ““opt

Koo { P () P (2} 5

N

Y = argmmmaX(X K- YT)

Ye)y XeX

V> Yeycy (52)

NY=)  (53)
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Y.ecYcY, =),
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3agaya OouIHIOBaHHA HACNIAKIB 3aCTOCYBaHHS 3 5
ONTUMAaJZIbHUX CTpaTerin ansa 3BY)KEHHSI MHOXXMHK
ONTUMAaJIbHUX CTPaTeriu aocnigHMKa

QI(y)e opt ? %(y eo%pt

\

d[p(x)} (54)

\
_[ _[ IK X, Y)p (v)dxdy d[p(x)];t
p(x)e@y \JCEX yeY )
7 _[ j IK(xa J/)p(x)%(y)dxdy
p(x)e@;, \ xeX yeY

G(y)e

g

J

\

€ arg (II)IEIC%W j I jK(x, y)p(x)é(y)dxdy d[p(x)]

p(x)eZ, \ xeX yeY

J
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OCHOBHIi BUCHOBKM Nno poborTi 36

1. PO3BUHYTO KNacMYHUM NPUHLMN ONTUMANbHOCTI B MaTPUYHUX
irpax y po3pobrieHin mopeni  noetanHol  peanisauil
onTUMarnbHOI 3MillaHOI cTpaTeril gk baratoeTanHoOMy Mpoueci
NPUMHATTA pilleHb 3 ypaxyBaHHAM CKIHYEHHOCTI TFOPU3OHTY
po3irpyBaHb (enox HaB4YaHHS Heupomepexi, BUMIpHOBaHb
BMNAOKOBUX BENWYMH, MOCTPINIB MO Uini, NOWYKY aKTUBHOMO
o0’ekTa, NeBHUX [OisAX CTOCOBHO OO’€eKTa OOCNiOXEHb TOLLO).
3acTocyBaHHS1 Uiel mMogeni nepegbadae CKiIHYEHHUIA CrEKTP
onTUManbHol cTparTerii, TOMYy  On4 KOHTUHYanbHUX
aHTaroHICTUYHKUX iIrop 3 HECKIHYEHHUM CNEKTPOM ONTUMAanbHOI
cTpaTerii rpaBus HeOOXiAHO 3aCTOCOBYBATU AUCKPETU3ALIO.
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2. Ha npuknagi HeMpomepexi i3 NnpaMnUmM 3B’S3KOM OJ19 pO3rni3HaBaHHA CUMBOSIB 3
nobiToBMM BigODpaXXeHHsAM Mg BMAMBOM LUYMY MOKa3aHO, WO HaB4YaHHA
HeMpoMepexi Moxe OyTu 3OIMCHEHO 3a [AeKinbkomMa crocobamu anroputmy
3BOPOTHOIO MOLUMPEHHS, KOXEH 3 AKMX Hajae BignoBigHWMX 3HA4YeHb OCHOBHUM
napameTpamMm Henpomepexi (nepiog HaB4YaHHSA, piBEHb MNOMUIOK, 0BO’eM
CMOXMBAHUX PECYpPCIB TOLLO).

3. BuasneHo, wo Bubip e€eguMHOro crnocoby HaB4YaHHA HEWPOMEpPEXi He MOXe
30iINCHIOBATUCh 3a PO3B’SI3KOM BIAMNOBIAHOT 3agaui MPUNHATTA PilleHb, OCKISTbKK
Pi3HMM AonycTuMuM BapiaHTam 1i bavecudikauil BignosigaTb Pi3Hi cnocobu
HaByaHHA. OgHaK 3aBOdKM TOMY, LLO NpOUEeCc HaBYaHHA HEMPOHHOI Mepexi €
baratoeTtanHuMm, MOXNMBE Oesike KOMOIHYBaHHA UMX cnocobiB, pesyribTaToM
sIkoro 6yae onTumisauis 3Ha4yeHb NapamMeTpiB HEMPOMEPEXKI.

4. Ina ontumisauii nepiogy HaBYaHHA HeWpoMepeXi Ta 3MEHLWEHHS pPiBHS
MOMWIIOK pPO3ni3HaBaHHA BU3HA4YeHO oONTUMaribHy KOMOIHaUil0 HaB4YanbHUX
doyHKUIKM anroputMy 3BOPOTHOIO MOLUMPEHHSA 3a OMNTUMAaribHOK CTpaTerieto
Opyroro rpaBud Yy MaTPUYHIN rpi, Oe CTpaTerielo neploro rpasus €
CNiBBIAHOWIEHHS Bar napamMeTpiB Heupomepexi (nepiogy HaB4YaHHSA, PiBHSA
NOMUNOK, 06’eMy pecypcCiB TOLLO).

5. lna npaktuyHol peani3audil uiel KomOiHauii 3anpornoHOBaHO MaTeMaTU4HI
MoZeni npoueciB KOMM'KOTEPHOI pearidauil onTMManbHUX 3MillaHUX cTpaTerin B
aHTaroHICTUYHKUX irpax 3 ypaxyBaHHSIM TOro, LLO KiNbKICTb NapTin rpu (KiNbKiCTb
eTarni HaBY4aHHS HEMPOMEPEXI) € CKIHYEHHOIO.
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6. lNokasaHo, WO po3pobrneHa Moadenb KOMMIOTEPHOI pearnidauil
OoNTMMarsibHOI 3MiLLAHOI cTpaTeril B aHTaroHIiCTUYHUX irpax Moxe
byTn BMKOpUCTaHa Ans peanisauil onTuManbHUX NOBeAiHOK B
beskoaniuinHnx irpax 3 HeBIAOMOI 3asganerigb KinbKiCcTHo
napTin rpu. Po3pobneHo komMnnekc nporpamHmx 3acobiB ans
KOMM'IOTEPHOI peanisauii onTuMmanbHUX 3MillaHUX cTpaTerin B
OiagndHin rpi Tpbox 0ocCib sIK Moaeni OXOPOHU HaBKOSTULLIHLOIO
cepeposuula.
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Metoabl ynpaBJ/ieHHs U OLleHMBAHUS B YCJIOBUSIX Heonpeae1éHHOCTH

VK 519.832.3

B. B. Pomanrox

CXOAUMOCTD Y OIIEHKA CPEJHEI'O BBIUTPBHIIIA B OJTHOM MOJIEJIA
MPOILIECCA KOMIIBIOTEPHOUN PEAJIN3ALIMU TPUHIIUIIA ONITUMAJIbHOCTH
B MATPUYHBIX UTPAX C BUIUMBIM 'OPU30HTOM PA3BLITPHIBAHUM

MpeacraBnaeTcs ogHa npoueaypa MpakTM4YeCcKoW peanusauum npuHUMna OnNTUManbHOCTU B
MaTPUYHbIX Wrpax C MyCTbiM MHOXECTBOM CeANIOBbIX TOYEK B YUCTbIX CTpaTerusax, rae KOJAMYecTBO
pa3bIrpblBaHNN SBASIETCS 3aBeAOMO WM3BECTHbIM WM OrpaHU4YeHHbIM. [loKa3biBaeTCs CXOAMMOCTb 3TOWM
npoueaypbl, a Takxe MokKasbiBaeTCs OLeHKa CpeAHero BbiMrpbilia UAW NPOUrpbllWa y4acTBYIOWEro B Hel
nrpoka.

KnwoueBble crioBa: matpuyHasi urpa, rnycro€ MHOXECTBO CEA/IOBbIX TOYEK B YUCTbIX CTpaterusx,
KO/IMYECTBO  Ppa3sbirpbiBaHni, [MpaKkTU4YecKasi peanu3aunss npuHUuna onTuMasbHOCTU, CXOAMMOCTb
npoueaypebl.

MpencraBngeTbCsa O4Ha npoueaypa NpakTUYHOI pearnizauii NPpMHUMNY ONTUMAasbHOCTI B MaTPUYHUX
irpax 3 MOPOXHbOK MHOXWHOK CiAJIOBUX TOYOK Y YWCTUX CTpaTeriax, Ae KiNbKiCTb po3irpyBaHb €
3aspanerigb Bigomow abo obmexxeHow. [osBoanTbCsA 36DKHICTL Li€l npoueaypu, a TakKoX MOKa3yeTbCA
OLiHKa cepeaHbOro Burpawy abo nporpawly rpasus, wo 6epe y4yacTb y Hin.

Knro4oBi cioBa: MaTtpuyHa rpa, rnopoXXHsI MHOXUWHAa Cif/10BUX TOYOK Yy YUCTUX CTPATErisx, Ki/lbKiCTb
po3irpyBaHb, NpaKkTUyHa peasizayisi MpuHUNMYy onTUMasabHOCTI, 36XKHICTb npoueaypu.

There is represented a procedure of practicing the optimality principle in matrix games with the
empty set of saddle points in pure strategies, where the number of plays is surely known or limited. This
procedure convergence is proved, and also there is shown an estimation of the averaged win payoff or
loss payoff of the player, participating in it.

Key words: matrix game, empty set of saddle points in pure strategies, number of plays,

practicing the optimality principle, procedure convergence.

Beryniienne

AHTaroHUCTHYECKOE MOJICTUPOBAHUE HAXOAUT CBOE MPAKTHUECKOE MPUMEHEHHE HE TOJIBKO,
KaK 3TO MPHUHITO MOJIaraTth, B COIUAIBHO-DKOHOMUYECKOU cepe, HO U B HEKOTOPHIX TEXHHKO-
TCXHOJIOTMYCCKUX TIIpolecCax, TAC BO3HHUKACT KOH(i)J'II/IKTHOG BSaI/IMOIIGI\/'ICTBI/Ie Ha JTanax
OIICHUBAHUSA TOYCYHBIX WM (YHKIHOHAIBHBIX IMapaMeTpoB ASTUX TmporeccoB [1, 2]. 3amaum
pelIeHNs aHTAarOHMCTHUYECKHX HUIP BO3HUKAIOT M TMPHU PEIIEHUH KOOIMepaTuBHBIX wurp [3, 4],
MOACIMPYIOIUX MHOT'OCTOPOHHUC KOH(i)J'II/IKTLI. HpI/I 9TOM, BBINIOJIHAA JUCKPCTU3ALUIO MHOKCCTB
YUCTBIX CTpaTeFI/H\/JI HUI'POKOB, AHTArOHUCTHYCCKYIO HUIPYy BCCra MOXHO CBECTH K M&TpH‘-IHOI?I,
noimy4yass €€ TOuHOe WM TpuOMmDKEHHOe pemenue [5, 6]. WU nmna momydenus sddexra

MOJEJIMPOBAHUSA OCTAETCS ATO peIIeHUEe NPUMEHUTH [ 1, 2, 7, 8] Ha mpakTHKe.



DopmyMpoBKa NPodJeMbl

Koneuno, ecnin wMarpuunHas M x N -urpa ¢ wmarpuueil BbIMIpbIIIA W:[Wij]M \
X

M

MHOXecTBamMu X ={Xi}i71 un 'Y :{yj}'l YUCTBIX CTpaTel"I/Iﬁ [epBoro U BTOPOr'0 HUIPOKOB

COOTBETCTBEHHO HMEET pEIIEHHEe B YHCTBIX CTpPATerusX, TO H3TO PELICHHE 3IIEMEHTApHO
UCHOJb3YETCsl Ha MPaKTHKE BHIOOPOM ONTUMAJILHOW MJIM ONTUMANBHBIX CTPaTeruil U, COOCTBEHHO,
cama urpa rnepectaét ObITh UTPOH KakK TakoBoil [3, 4, 6]. Eciu e Ta MaTpuyHas Urpa HE peraercs

B UUCTBIX CTPATCrusix, TO HepBLIfI HUI'POK BBIHYXKJCH HUCIIOJIB30BATh CMCIIAHHYIO CTPATCTHUIO
P=[p p, ... puleP

KaK a1eMeHT GyHaamenTansHoro (M —1)-MepHoro cumuiekca

M
P= [p1 p, ... pM]eRM:pie[O;l]Vizl,M,Zpizl , (1)
i1

a BTOPOH UTPOK BBIHYXCH MCIIOJIB30BaTh CMEIIAHHYIO CTPATETHIO
Q:[ql 4, .. qN]EQ

KaK seMeHT dynnamentansroro (N —1)-mepHoro cummuiexca

N
@={[a, o .. aeR":q;e[0;1]V j=1, N, > q;=1f, )

j=1

MOJTIyyast IPH 3TOM B CUTYyalluu {P, Q} BBIMIPBIII M TPOUTPHILI

V(P» Q):P‘W'QT:ii piquij (3)

i=l =

COOTBETCTBCHHO. [la, 3HaueHHe (3) ONTUMM3MPYETCS MO 3HAYCHUS V,, :V(Popt’ Qopt) Ha



ONTUMAJIBHOM CUTyalluu { opt? Qopt} , TIe

P, =™ P . pg e PcRY )

Q. = [qfopt> Q§°"‘> e Oy {opt }e Q RV, (5)

KOTOpasi BCErAa CYILIECTBYET B UIPE <X Y, W> , 1aBasi UTPOKaM BO3MOXKHOCTb YPaBHOBECHUTHCS B

CUJLy IBOMHOT'O HEPABEHCTBA

P-W-Ql <P_-W-Ql <P -W-Q" VPcP nVQecQ. (6)

Opt opt X
OpnHako 3TO paBHOBECHE NMOHUMAETCS JIMLIb B CMBICIE MAaTEMATUYECKOTO OXKUAAHMS BBIUIPHIILIA
MEPBOT0 UTPOKA, CIIy4YaHON BETUYHHBI [3, 4], 3HAUCHUSIMU KOTOPOH SIBIISIFOTCS JIEMEHTHI MAaTPHUIIBI
W. U 310 noapazymeBaeT O€CKOHEYHO OOJIBIIOE MM HEOTPAaHMUYEHHOE KOJMYECTBO HCIIBITAaHHUM
(pa3birpeiBanuil). B peanbHOM ke SIBJIEHMM WIM IPOLECCE, MOJAEIMPYEMOM MaTpPUYHOW HUIPOH,
KOJINYECTBO pas3bIrpplBaHuil G SBJIseTCS KOHEYHBIM, M WIPOKH CTAIKHBAIOTCA C IMPOoOJeMoin
BbIOOpa KOHKpPETHOW YHMCTOM CTpaTeruu B Ka)XJOM pa3birpbiBaHuH. YacTUYHO 3Ta mpodiieMa

YCTpaHACTCA HYTéM IIPUBA3KHU CIICKTPOB

suppP,, {X eX: p,<0pt> >0} { Ik}::l (7)
u
suppQ,,, ={y; ¥ 1 a™ >0} ={y, | (8)
K BCPOATHOCTHBIM Ha60paM
Ry = p™ p™ ™ ] 9



Q= o a0 10)
rzae passirpeiBatorcsi K -mepHas u L -mepHast cimyvaitabie Benuuunsl [9, 10] cornmacuo (9) u (10),

K<M, i <i,, Vk=LK-1mpu i,efil’ Vk=LK u L<N, j<j, VI=LL-1 npn

=1

. -y N
) € { j}j:1 V|1 =1, L. Ho Beap, BooOiie roBopsi, G € N, Tak uto mpu gocratouno mansix G, He

Tporasi yxxe ciydail ¢ G =1, Urpok mpocTto He ycCleBaeT MPUMEHUTh HEKOTOpBIE CTPATETUU W3

cuektpa (7) wmnm (8), 4YTO JeNaeT CUTYaLHIO {Popt, Qopt} Hepeanu3yeMol, a 3HaucHue

V(Popt, Qopt) cTa€r HeAOCT>KUMBIM. C Ipyroil CTOpPOHBI, WIPOKH, ONTHUMH3HPYS CBOU

BBIMI'PBIIT W IPOUTPBIIT COOTBCTCTBCHHO Ha IMPOTIKCHUU G paSBIrpBIBaHI/Iﬁ, HaxogsaTCsa B

MpOLECCCC YPABHOBCUIMBAHUA UX CPCAHUX 3Ha‘-IeHPIﬁ, IMO3TOMY YHCIIO Vop MOXKET OBIThH AOCTUTHYTO

t
YCJIOBHO, ¢ HEKOTOpOH ycTynkoi. Takoii moaxon mokasan B [11], rae mis KakIoro M3 MIPOKOB
BBEJICHBI (yHKIMH J101yckoB noteps 8,(9) u 8,(9), g =1, G, hopmupyembie MO yCIOBHEM KX

MOHOTOHHOT'O YOBIBaHHUS.
eab craTbu

Heo6xomumo moka3arh, 4TO MCHOIB30BaHUE UTPOKAMH MOHOTOHHO YOBIBAIOMNX (DYHKITHI
JIOMYCKOB MOTEPh HE MPOTHUBOPEUYHUT MPUHIHUIY ONTUMAJIbHOCTH B AHTArOHUCTHMYECKUX WIPaxX, TO

€CTh B T'PAHUYHOM IIEPEXOJE BEIWYUHA CPEAHETO BBIMIPBINIA UIPOKA C Y4ETOM YCTYIKH Kak

3HAYCHHSI (YHKIHMHM JIOMYCKOB MOTEPh CTPEMHTCS K YHCIY V., :V(Popt, Qopt). Taxxe nokaxem

OLIEHKY CpEJIHETO BBIUTPHIIIA UTPOKA B TIEPBBIX J pas3bIrpbiBaHusiX, § =1, G.

CX0IMMOCTh M OlleHKH MPOLEeAyPbl NPAKTHYECKOH (KOMIIBIOTEPHOI) peau3auuu

IMPUHIMIIA OITUMAJIBHOCTH B MATPUYIHBIX UI'Pax

B Ka)KHOﬁ MapTUX UT'PBI UTPOKU CHavadJIla IPECABAPUTCIIBHO BLI6I/IpaIOT YUCTBIC CTPATCTHUU U3

cnekTpoB (7) u (8) ¢ MOMOIIBIO pa3bIrpbIBaHUs, HANIPUMEP, OJHOMEPHOM CIlydalfHON BETUYMHBI.

[lepBrblii UTPOK pa3bIrPHIBAET PABHOMEPHO paclpeAcIEéHHYI0 Ha €AMHUYHOM IMOJIYCErMEHTe [O; 1)

cily4aiiHyro BenuunHy ® [12], u ecnu e€ 3HaueHME



u-1 u
<opt>‘ <opt>
0e ;1 P s ;1 P;, (11)

s U e {1, K} [11, 12], To OH mpeABapUTENBLHO BBIOMpPACT YHCTYIO CTPATETHIO X; . AHAIOTUIHO

BTOpOfI HUI'POK PAa3bII'PbIBACT PAaBHOMCPHO pacnpeﬂenéHHyro Ha CAUHUYHOM IIOJTYCCTMCHTC [0, 1)

CIIy4alHy10 BEIIMYUHY =, U €CIIU €€ 3HaUeHue

z-1 z
ge| Doalms > o (12)
1=1 1=1

oA Z E{l, L} , TO OH HpCABAPUTCIBHO BLI6I/IpaeT YUCTYHKO CTpAaTCTHIO yj . 3aMeTI/IM, qTO 3J€Ch
z

UTPOKH TTOKa eII€ HE UCTIONB3YIOT MPEBAPUTENFHO BEIOPAHHBIE CTPATErHH, a JIUIIh (OPMATIHLHO UX
(UKCUPYIOT.

PeanbHBIN BBIMTPHIIT TIEPBOTO WUTpOKa B (-M passirpeiBanuu [11, 13] obo3Haumm depes
v(g ) , 0= 1, G. Homaraem, 4to UTPOKH TPHUAEPKUBAIOTCS MPUHIHUIA ONTHUMAJIbHOCTH, TO €CTh
Cpeau BEIOPaHHBIX UMM YHCTBIX CTPATETHI HET Te€X, KOTOpbIe HEe BXOIAT B criekTphl (7) u (8). Torna
KaXIbIH pa3, MoJydas HEKUil BBIMTPBHILI v(g ) , IEPBBIN UTPOK MOXKET MO 3JIEMEHTaM CO 3HAYE€HHUEM
V(g ) Matpuiltbel W  ompenenuTb, KaKOW HMMEHHO YHCTOM cTparerued w3 crektpa (8)
BOCIOJIB30BAJICS €T0 ONIIOHEHT B ( -i MapTUH UTPbl. BTOPOIl UTPOK IEMCTBYET aHAIIOTUYHO.

Ecniu Bo Bpemst Q- maptum wurpbl (emé He pasbllpaHHOM) A HpeaBapUTENIbHO

o K
3a(pIKCHPOBAHHOI CTpaTeruu X; , t € {k}

W HMECT MCCTO HEPABCHCTBO

v(m)+\7(xit,g) <V, —8,(9) (13)

C HEeKOTOpo#l ¢yHKumei momyckoB moreps 8,(g) mepBoro wmrpoka, 0<38(g9)<3,(g-1)

V g =2,G, rae BTOpoiil UTPOK B (g —1) -i MapTHHU UTPBI BOCIIONB30BAJICS YUCTOH CTpaTteruen Y, ,
S



se{ll,

e e e () (14)

o (1)=Gagy™ ViI=LL, (15)

qjs(g)zcs(ggl)—l.1+sign[csz(g—l)—1] _ cség) _

c,(g-1)-1 L+sign[c,(g-1)~1]

:qjs(g—l) Cs(g—l) , (16)
a; (9)=0a; (9-1)x
c,(g—1)—1 1+sign[c (g—1)—1]
x(l—qjs(g—l) cs(g—l) . > Jx
x[l—qjs(g—l)]”:%,V|e{1,_|_}\{s}, (17)

TO TEPBBIA UTPOK Pa3bIIPhIBACT Cily4yaillHyl0 BeauuuHy © g0 Ttoro momenrta [11, 13], moka s

K

HEKOTOPOM YMCTOM cTpaTeruu X , I € {k}k -
: -

HC 6YI[6T BBITIOJITHCHO HCPABCHCTBO

é[iv(m)JfZL:Wi,j.qi. (Q)J =

m=1 =1

m=l1

:é[gz_lv(m)w(xir, g)J)Vopt—Sl(g)- (18)

Ecin Bo Bpemst § -i mapTuu Urpbl [T IPEIBAPUTEILHO 3a(UKCHPOBAHHON CTpATeruu Y, ,

L
he {I }I:l , IMEET MECTO HEPABEHCTBO

4 Svim Snio)]-

m=1 k=1



g-1
( v( +v yJ, ]>v0pt+82(g) (19)

m=1

C HEKOTOpOH (yHKuMell nomyckoB moreps 8,(g) Broporo wurpoka, 0<8,(9)<38,(g-1)

V g =2,G, rae nepBblii UTPOK B (g —1) -l HapTHH UI'PBI BOCIIOIB30BANICS YUCTOH CTpaTeruen X; ,

K
k=1

re{k}

(o) P (1) wo By (1) P, (1)]=P -
{dél) L0 el dK(l)} 0)

G =~ G G
d (1)=Gp™ vk=LK, 21)
d (g-1)-1 l+sign|d (g-1)-1| d,
pir(g): (gG) . [2( ) ]: (g)_
d (g-1)-1 I+sign|d (g-1)-1
=p, (9-1) d(?g_)l) : [ 2( ) ], (22)

P, (9)=p, (9-1)x

d, (g —1)—1_1+sign[dr(g —1)—1]}><

d (g-1) 2

x@—nig—n

x[l—pir(g—l)}lzdkég), vk e{l, Kj\{r}, (23)

TO BTOpOﬁ HUI'POK PAa3bIrpbIBACT CHy‘IﬁfIHyIO BCINYUHY = J0 TOIrO MOMCHTA, IIOKa JIA HeKOTOPOﬁ

ancroii crpaternu Y, , se{ll’ . He 6 JIET BBIMOJIHEHO HEPABEHCTBO
J 2

=1’

{g_l v(m)+\7(yjs,g)]<vopt+8 (9). (24)

XOTsi MOHOTOHHO yObIBatoLIHe GYHKIMK AOIYCKOB 1oTepb 8, (g) 1 8,(Q) Kakablil HrpoK



OTIpeICIIIET CAaMOCTOSITENTLHO, BCE ke B padoTe [11] mpemioxkeH caeayonuil BUI dTUX GyHKIUI:

. By >0,2,>0,nefl,2}. (25)

O‘leBI/II[HO, 4YTO BO BpEMA HepBOfI napTUU WUIphI, Koraa ( =1l nu el¢ HUYEero HE H3BECTHO O

OpCaAbICTOPHUUN paSBIFpBIBaHHﬁ, JJIs1 HUXKHETO Vlow H BCPXHCTO Vup 3HAYCHMI UT PbI JOJIZKHO OBITh

-1
-1 .
Bl 2 (Vopt _Vlow) = (Vopt o i:leM j:l}in \Nu) > (26)
—1 X -1
B2 2 (Vup _Vopt) = ( jzl%iN i:l,ail\)ll( Wij _Vopt) . (27)

Torma uMeeT MeCTo CleayrolIee YTBEPKICHUE O CXOIMMOCTH M3JI0’)KEHHON MO/ MPAKTHYECKOM

panu3anuu IMpuHIOHUIIa OITUMAJIbHOCTHU, TO €CTh PCAJIBHOI'O HMCIIOJb30BaHUA UTPOKaMHU CTpaTel"I/Iﬁ

(4) u (5).

N

Teopema 1. B wmarpuunoit M x N -urpe <{Xi}:\fl, {yj} |:Wij:|M><N> UCIIOJIb3yeMast

=1’
urpokamu nporenypa (11), (13) — (18) u (12), (19) — (24) ¢ pyHkuuaMu A0MycKoB moTeps (25)

JJIsL HpaKTI/I‘{eCKOﬁ pcain3ann NpuHOUIIA ONITUMAJIBHOCTH SBJISACTCA CXO,[[SIHlGﬁCSI B CMBICJIC

g1 g1

lim Zv(m)+\7(xir,g) —hm Zv +v yls g) : (28)

g—o© g o g—x© g

K

Jloka3zarenabcTBo. [lepBblii Urpok BHIOMpPAET CBOK UYUCTYH CTPATEruio X; , re{k}k >
. -

ucxozs u3 ycinosus (18), oTkyna nosmydaercs

g-1

lim~ Zv(m)+\7(xir, g) > lim v, ~8,(9) |=

g—oo g o g—oo

= opt_hm T | Vopt»

g—oo a
gB,g™




TO €CTh

1 :
515105 4 v(m)+v(xir,g) >V, (29)

C npyroit CTOpOHBI, BTOPOH UIPOK BBIOMPAET CBOIO YHCTYIO CTPATEIHIO Y; , S € {I}:':1 , ICXOZs U3
ycioBus (24), oTkyaa
[~
lim— v(m)+v(yJ , g) < lim vopt+82(g)]:
g—o g o g—w
= Vopt + él_l;l;lo l = Vopt b
9B,9"
TO €CTh
1[5
512105 v(m)+\7(yjs, g) <V, - (30)

B neBbix gactax (29) u (30) mon 3HAKOM Tpenena HaxOIATCS 3HAYCHHS \7(Xi , g) u \7(yj , g),

ABJAIOINHUECT OAHHMM MW TEM K€ — OXHUAACMbIM BBIMI'PBIIICM II€PBOIO0 HUI'POKa B g-M

paspirpeiBanuu. [loaTomMy u neBble yactu HepaBeHCTB (29) u (30) sBistOTCS paBHBIMH. A
OJIHOBPEMEHHOE BBITIOJIHEHHUE 3TUX HEPABEHCTB 3amuchiBaeTcs Kak (28). Teopema nokazaHa.
BaxxHpIM ¢ TOYKM 3pEHHs] TAKTHKH Pa3bITPHIBAHUA M TPOTHO3a (PaKTHUECKOTO HCXOJa

koHumkTa [3, 7, 13] sBisercs OLEHMBaHWE CPETHETO BBIMTPHIIIA WIPOKAa B TEPBHIX (

pa3bIrpbIBAHUSX, ( -1,G.

N

Teopema 2. B marpuunoit M x N -urpe <{X|}I’\f " {yj} |:Wij:|M><N> [P UCIIOJI30BAaHUU

=1’
nepBeiM urpokom mpoueaypsl (11), (13) — (18) ¢ dynkuueit gomyckoB morepsb (25), n=1,

CIIpaBCaJinBa OLICHKA



a+l

g®

m=l1

a+l
g-1 Vopt(g ! _1J+Vlow
[ v( +v xI , g)} . (1)

B 370i1 5xe urpe npu MCroyib30BaHUM BTOPBIM UTPOKOM mpouenypsl (12), (19) — (24) ¢ dynkuuei

JOTTYCKOB TIoTeph (25), N =2, cnpaBeayiviBa OllEeHKa

a+l
. vopt{g ® —l}rvup
[ v(m)+v st )]g i . (32)
m=1 gaT

Joka3aTeibcTBo. 13 cooTHomenus (26) anst pyHKUUM JOIMYyCKOB NOTEPh NEPBOr0 UIpoKa

a ! 1
8,(9)=[Bg ™ | momyuaercs v, -V, >—,dTo Kaér

opt al+1low = 61 (g) = -l
g* B.g ™
_V V _
—81 ( g) S Vopt al+llow _ low al+\1/opt . (33)
g* g*

[ToacraBnss (33) B mpaByto 4acTth (18), mosmydyaeM OLIEHKY CPEAHETO BBIMIPBIIIA IEPBOIO UTPOKa B

nepBeIX ( pasbirpeiBanmsx, § =1, G:

SV o ot , (34)

OTKyJa HeMeIeHHO cienyert (31). g BToporo urpoka aHajJoru4Ho:
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1V, -V, 1
vup—vopt>B—, 2 8,(9)=—x (35)
2

u, noactasiss (35) B (24), noayyaeM OLEHKY CPEJHETO MPOMTpHIIIAa BTOPOTO UTPOKa B MEPBBIX (

pasbirpeiBanmsx, g =1, G :

9\
a,+1
a
Vo | 9 7 — 1[4V,
cv 4 Y Vo _ 36
= Topt atl 3+l ’ (36)
g " g =

0TKyJa HemenJieHHo cienyert (32). Teopema nokaszana.

3akjaro4yeHue

[Ipouenypa (11), (13) — (18) u (12), (19) — (24) ¢ byHKUUAMEU JOMYCKOB MOTEPH (25) Ans
MIPaKTUYECKON peaiu3aluy MpUHIMNA onTUMaidbHOCTU (6) B MaTpuuHbIX urpax (MH) ¢ mycteim
MHO>KECTBOM ce/UIoBbIX To4YeK B 4HCThIX cTparerusx (IIMCTUC) ¢ BuAMMBIM TOPU30HTOM
pasbirpeiBannii. G e N (BI'P) nerko wummuiemeHTHpyeTcs B JIOOYI0 MPOTPaAaMMHYIO Cpeny,
KOHTPOJIMPYIOIIYIO XOJ Pa3bITPhIBAHUI M, €CIIM 3TO HEOOXOIUMO, BBIJAIOIIYI0 PEKOMEHIAINH
WUTPOKaM IO MPUMEHECHHIO TE€X WJIM MHBIX YUCTBIX cTpaTeruii u3 crektpos (7), (8). Ota npormenypa,
SBIISISICH MOJIENIBIO Ipollecca KOMIBIOTEPHOH pealn3aluy NpUHLIMIIA ONTUMalbHOCTH B MU ¢
I[IMCTYC ¢ BI'P G €N, MoXeT BBITOJHATECS W 0€3 ydacTHs UTPOKa, OT KOTOPOro TpeOyercs
JMIIb 33JjaHue KonuyecTBa Oynymux pasbirpbiBaHuid G . [lockosibky €€ cXOOUMOCTh J0Ka3aHa B
Teopeme 1, To ona oroOpaxaer npuHuun ontuManbHoctd B MU ¢ [IMCTUC B ycnoBusix BI'P,
KOI'Jla YMCJIO MapTHIl UIPbl WIM U3BECTHO 3aBEIOMO, WM MPOCTO orpaHudeHo. A oueHku (31) u
(32) rapaHTUpyIOT NOJIY4YEHHE CPEJHMX BBIMIPHIIIA M MPOUTPHIIIA MEPBBIM U BTOPHIM HUIPOKOM

COOTBCTCTBCHHO.
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VK 519.832.3
B. B. Pomasnroxk

CXOAUMOCTD Y OIIEHKA CPEJHEI'O BBIUTPBHIIIA B OJTHOM MOJIEJIA
MPOIIECCA KOMITBIOTEPHOM PEAJIN3AIIMM ITPUHIIATIA ONITUMAJBHOCTH
B MATPUYHBIX UTPAX C BUIUMBIM I'OPU30HTOM PA3BITPBIBAHUI

MpeactaBnaeTcs ogHa npoueaypa MNpakTUYeCcKOW peanusauum npuHUMNa ONTUManbHOCTU B
MaTpuU4yHbIX Urpax C MNYCTbIM MHOXECTBOM CeAJIOBbIX TOYEK B 4YUCTbIX CTpaTernax, rae KoJIM4ecTtBo
pa3bIrpblBaHNN SBASIETCS 3aBeAOMO WM3BECTHbIM WM OrpaHU4YeHHbIM. [loKasbiBaeTCsd CXOAMMOCTb 3TOWM
npoueaypbl, a TakxXe MokKasbiBaeTCs OLeHKa CpeAHero BbiMrpbilia UAW NPOUrpbllWa y4acTBYHOWEro B Hel
urpoka.

KnwyeBbie crioBa: matpn4dyHas uvrpa, rnycroe MHOXeCTBO CEAJ/IOBbIX TOYEK B YUCTbIX CTpaTerusx,
KO/IMYECTBO  pasbirpbiBaHni, MpakTUYECKasi peanulaunsi npuHUuna onTuMasabHOCTU, CXOANMOCTb
npouyeaypsi.

V]IK 519.832.3
B. B. Pomanrok

3BI)KHICTH M OIIHKA CEPEJHHOI'O BUTPAIIY B OJHIA MOJEJI ITPOIIECY
KOMIT'FOTEPHOI PEAJIBAIIL MPUHIIAITY ONTUMAJBHOCTI B MATPHUHHNX
ITPAX 3 BUIUMHUM I'OPU3OHTOM PO3II'PYBAHD

MpeacTaBNaETbCA o4Ha npoueaypa NpakTUYHOI peani3auii NPpUMHUMNY ONTUMAaNbHOCTI B MaTPUYHUX
irpax 3 MOPOXHbLOK MHOXWHOK CiA/IOBUX TOYOK Yy UYUCTUX CTpaTeriax, Ae KiNbKiCTb po3irpyBaHb €
3aspanerigb Bigomow abo obmexxeHow. [osBoanTbCsA 36DKHICTL Li€l nNpoueaypu, a TakKoX MOKa3yeTbCA
OuiHKa cepeaHboro Burpawy abo nporpawy rpasus, Wwo 6epe y4yacTb y Hil.

Knro4dosi crioBa: MatpuyHa rpa, rnopoxXHs MHOXUHA Cig/10BUX TOYOK Yy YUCTUX CTPATErisiX, Ki/IbKiCTb
po3irpyBaHb, NpakTu4Ha peasizalis npuHUnny onTUMasnabHOCTI, 36DKHICTb npouyeaypu.

UDC 519.832.3
V. V. Romanuke

CONVERGENCE AND ESTIMATION OF THE AVERAGED PAYOFF IN A PROCESS
MODEL OF COMPUTER IMPLEMENTATION OF THE OPTIMALITY PRINCIPLE
IN MATRIX GAMES WITH APPARENT HORIZON OF PLAYS

There is represented a procedure of practicing the optimality principle in matrix games with the
empty set of saddle points in pure strategies, where the number of plays is surely known or limited. This
procedure convergence is proved, and also there is shown an estimation of the averaged win payoff or
loss payoff of the player, participating in it.

Key words: matrix game, empty set of saddle points in pure strategies, number of plays,
practicing the optimality principle, procedure convergence.
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COMBINING THE BACKPROPAGATION ALGORITHM TRAINING
FUNCTIONS FOR A BIT MAP CHARACTER RECOGNITION PROBLEM

UNDER NOISE WITH FEED-FORWARD NEURAL NETWORK

There is considered the feed-forward neural network with 13 backpropagation algorithm training
functions for a bit map character recognition problem under noise. Through passing a great number of
series of this network performance in MATLAB, there has been exposed that the stated recognition
problem may be solved only with six training functions, having quite different training periods and
producing spread recognition error rate. Just in combining those six training functions with probabili-
ties in the second player optimal strategy from the matrix 2x6 game there may be converged ascer-
tainedly the guaranteed recognition error rate at the guaranteed training period, until converting to de-
cision-making problem, when the time and performance factors against six training functions acquire
their requirement measure. For the applied bit map character alphabet there have appeared two train-
ing MATLAB functions “trainbr” and “trainscg” to combine them with nonzero probabilities.

Posrnsnaerbest HelipoHHA Mepexka 13 MPSIMUM 3B’A3KOM 3 13 HaBUANIBHUMU (YHKIISIMU aJITOPUTMY
3BOPOTHOTO IIOIIMPEHHS /IS 3ajadi pO3IMi3HABaHHS CHMBOJIB 3 ITOOITOBHUM BiJOOpa)KeHHSM IIif
BIUIUBOM mIyMy. IIpu mpoBeneHHI BETHKOI KiTBKOCTI BUIIPOOYBaHb MPOJYKTUBHOCTI Ii€l MEpexi B
MATLAB 6y1no BusiBieHo, 1110 c(hopMyJIbOBaHa 3a7a4a PO3Mi3HABAHHS MOKE BUPIIIYyBATHCS TUIBKH 13
IIiCThOMa HAaBYAJTBHUMHU (DYHKIISIMH, 1[0 MAIOTh 30BCIM Pi3HI IMepioar HaBYAaHHS 1 TalOTh PO3KUIAHUN
piBEHB IIOMIJIOK pO3Mi3HaBaHH:. JIuie KOMOIHYOUH I1i IIiCTh HABYANBHUX (PYHKIIH 3 IMOBIPHOCTSIMU
B ONTHMAJIBHIN CTpaTerii Apyroro rpasis 3 MaTPUYHOI 2 X 6 -IpH, MOXKE OYTH NEPEKOHIIUBO JOCATHY-
TUIl TapaHTOBaHUH pPiBEHb IIOMWIOK PO3Mi3HABAHHS 3a T'apaHTOBAHWI NEpioj HaBYAHHS, MEpPII HIX
Oyze mepeTBOPEHHS JI0 33j1avi NPUHHATTS pillleHb, KOJIM (aKTOpPH 4Yacy ¥ NMPOAYKTHBHOCTI y BiJTHO-
IICHHI JT0 IIECTH HaBYAIBHUX (QYHKIIH HAOyAyTh Mipy cBo€i moTpebu. st 3acTtocoBaHOTO andasity
CHUMBOJIB 3 MMOOITOBHM BiToOpaskeHHSIM y KOMOIHYBaHHI 3 HEHYJIHOBUMH IMOBIPHOCTSIMH OTIHHUJIACH

CLEEANTS

nBi HaBuanbHi MATLAB-QyHKmii “trainbr” i

Introduction to a problem

Pattern identification is a pretty contemporized
problem, which solution lets the conception of the
artificial intelligence evolve and hope to handle it
at last. A partial problem in pattern identification is
the bit map object recognition (BMOR), mathe-
matically presented, say, in a matrix form. More
locally, the bit map character recognition problem
(BMCR) is solved with a neural network, which
has to be learned or trained before for making
mostly correct recognitions of alphabet letters un-
der some level of distortion or noise. Such a net-
work should have not only satisfactory perform-
ance, but also be trained as fast as possible.

Pre-overview of the problem solving ways

Training the neural network is to minimize its
error performance function, that is to adjust the
network weights [1, 2]. This procedure, always

trainscg”.

taking some time, may be accomplished in several
ways, where the backpropagation is one of the
most outlying methods for ensuring the fast and
high performance training [3, 4]. For instance,
there are 13 backpropagation algorithm training
functions (BPATF) in MATLAB 7.14 (Release
2012a), and each of them may be applied for train-
ing the feed-forward neural network (FFNN).
However, at the same other parameters, each train-
ing function trains FFNN with its own period and
usage of the computer system resources, and there-
after the trained FFNN with noisy examples of the
alphabet letters recognizes them at an error rate,
being unique for each BPATF. So, the selection of
a BPATF cannot just rely on a single factor,
whereas the factors of the training period and per-
formance stand out to be the most significant [1, 5]
for BMOR or, speaking generally, for pattern iden-
tification.



B. B. Pomantox

Goal and tasking

The goal is to point at how to select a BPATF
from those within MATLAB 7.14 for a BMCR
problem under a certain noise range with FFNN.
For making this, firstly, there is a MATLAB-
built-in function or script, running for the specified
FFNN working on BMCR, to be recoded under in-
vestigation of all BPATF in MATLAB 7.14. Then,
secondly, for each of BPATF their training period
and performance in the sense of an error rate must
be computed averagely after running the recoded
MATLAB function repeatedly as many laps as it
needs for approximate convergence of values of

Table 1. List of 13 BPATF from MATLAB 7.14

those two factors. Afterwards that BPATF can be
selected which has the minimal value of its time
for training the FFNN, and so-trained FFNN per-
forms with the least error rate.

Investigation of BPATF within MATLAB
7.14 for FFNN on BMCR

The mentioned above 13 BPATF from
MATLAB 7.14 are listed in the Table 1. Hereafter,
for convenience, every BPATF with its MATLAB
name and description will have the number in or-
der to operate it arithmetically.

Number | BPATF name in Description

of BPATF | MATLAB 7.14
1 trainbfg BFGS quasi-Newton backpropagation
2 trainbr Bayesian Regulation backpropagation
3 traincgb Conjugate gradient backpropagation with Powell — Beale restarts
4 traincgf Conjugate gradient backpropagation with Fletcher — Reeves updates
5 traincgp Conjugate gradient backpropagation with Polak — Ribiere updates
6 traingd Gradient descent backpropagation
7 traingda Gradient descent with adaptive Ir backpropagation
8 traingdm Gradient descent with momentum
9 traingdx Gradient descent w/momentum & adaptive Ir backpropagation
10 trainlm Levenberg — Marquardt backpropagation
11 trainoss One step secant backpropagation
12 trainrp RPROP backpropagation
13 trainscg Scaled conjugate gradient backpropagation

For solving the BMCR problem in a tutorial
manner, there is the MATLAB script “appcrl”
(fig. 1) with appropriate MATLAB-built-in sub-
functions, illustrating how to train FFNN to per-
form the primitive character recognition. This
script, however, uses only the tenth BPATF from

Eile Edit Text Go Cell Tgols Debug Desktop Window Help
ST IEL L EGIEE

22 %% Creating the First Heural Hetwork

24 % for pattern recoghition with 25 hidden neurons.
25
26
27
z8

A A A

30

31 — setdemorandstresmipi) ;

32

B |= netl = feedforwardnet (25):

| o dmwh fo | B - B R CERE B st | fx

23 % To solwe this problem we will use & feedforward neural network set up

#ince the neural network is initialized with random initial weights, the
results after training wvary slightly every time the demo is run.
To avoid this randomness, the random seed is set to reproduce the
z8 % zmame results every time. This is not necessary for your own applications.

the Table 1, “trainlm”. The recoded MATLAB
function “appnncr” (fig. 2) has an input argument,
letting select what BPATF from those 13 ones is
going to train FFNN.

l Editor - CAMATLAB R2012a\R2012a\toolbox\nnet\nndemoshappor l.m =Ra=l X

AAx

BOB =0
-

-

Ln 1 Cal 1

Fig. 1. MATLAB script “appcrl” code cut part



Combining the backpropagation algorithm training functions for a bit map character recognition problem
under noise with feed-forward neural network

itor - C: ) | al ‘a\bin\appnncr.m
B Edi CAMATLAB R2012a%R2012a\bin\app:

File Edit Text Go Cell Tools Debug Desktop Window Help ¥ Ax
= > = y |
DE@E| BRI C|L D -|than |- -8R0 BB s fx BOHSDO
[
1 function [network out_error,network out_mean error, traintime,netn,noise_range] = appnncr (train_fun number,max_test,noise_range) -
z % AFPNINCE Bit-map character recognition under noise. =
3 % Wadim Romanuke, Z7.06.2012
4 % Copyright 1992-2Z002 The MathWorks, Inc.
5 % §Rewision: 1.0 § §Date: 2012/06/27 12:00:18 §
6 HNEWFF — Inititializes feed-forward networks.
7 TRAINING Functions - Trains a feed-forward netmwmork with faster bhackpropagation.
8 % FIN - Simulates feed-forward networks.
9 % CHARACTER RECOGNITICN:
10 % Using the sbove functions a feed-forward network is trained
11 % to recognize character bit maps, in the presence of noise.
1z % DEFIMING THE MODEL FROELEM =2
Ln 1 Col 1

Fig. 2. MATLAB function “appnncr” code head

The being added noise is defined within the 1 i

range [0; 0.5] of the magnitude, multiplied by training period is  p, (M )ZH

. m=1
35%x26 matrix of values drawn from the standard trained FFNN through the 7 -th BPATF has recog-

?ezgaiviﬁtﬁuzg?é;g}e At]r aslgleliﬂl; ls:I\;IizlillgOlflg? tEZ nized the noisy alphabet letters at the average RER
; ~(i)
P

i -th BPATF at the m -th series the training period 'z (100) for M =100 series of N =10 samples,
p"), and the corresponding relative number of er-  Where it takes the period p,(100) for getting the
ror recognitions 7 over the whole noise magni- trained FFNN through the i-th BPATF. The

m ; 13
tude range (NMR) through the passed N samples watched data {Fé}f (100)}_ and { fai(IOO)}Zl are
in the m -th series. Then the recognition error rate -

(RER), averaged over M series, for the i-th put into the Table 2.

M
is 7 ()= -
BPATF is 7 (M )= 7 ;rm , and its averaged

Table 2. RER and the training period for each of 13 BPATF for 100 series of 10° samples, feeding the trained FENN for the
BMCR problem under noise

Number i | BPATF name in RER Taken period for getting the trained
of BPATF | MATLAB 7.14 FFNN, seconds

1 trainbfg more than 0.800 53

2 trainbr 0.100 151.2

3 traincgb more than 0.600 390.6

4 traincgf more than 0.800 98.8

5 traincgp more than 0.500 48.6

6 traingd 0.130 142.5

7 traingda 0.127 21.8

8 traingdm 0.132 144.3

9 traingdx 0.127 22.4

10 trainlm more than 0.200 25.9

11 trainoss more than 0.550 446.2

12 trainrp more than 0.350 15.1

13 trainscg 0.133 6.7

As it is well seen from the Table 2,

Ay (100)>0.15> 7 (100) for ke{l,13}\{2,6,7,8,9,13} by je{2,6,7,8,9,13}={j )’ (1)

ER



and there is no reason to apply BPATF with num-
bers in the set {1,3,4,5,10,11,12} because they
produce intolerable RER, being greater than 15 %.
This means that every k -th BPATF is noneffective
for training FFNN for the BMCR problem under
noise, where

ke{l,131{2,6,7,8,9,13} =
={1,3,4,5,10,11,12}.

So there remain only six BPATF to select and use
in training FFNN for the BMCR. These BPATF
have quite different training periods and RER,
where one is with short one and high RER, and an-
other is with long training period and low RER.
Thus there is a decision-making problem (DMP)
with two states (factors) [6] of the time and per-

{fsﬁ(wm #2(100) 7 (100)
5.(100) 5,(100) p(100)

—_—

¥ (100) 75 (100) fs:ﬁ(wo)}
Py (100)

formance against six BPATF (alternatives). To

state the matrix [h,,], =~ of this DMP we need to

norm the values of RER and the training period in
order to have the maximal element as 1:

=)
i (1(3?;3 for u=1,6 (2)
emax {7 (100)
and
p. (100 o
hy, = P, ( ~) for u=1,6. (3)
R }{p.i (100)}

Jj€{2,6,7,8,9,13

After having fulfilled norming (2) and (3) over the
data matrix

Py(100)  py5(100)

0.13 0.127 0.132 0.127 0.133

[ o
11512 1425 218

from the Table 2, there is the spoken DMP matrix

CRNE

Surely, here the probabilistic measure over those
two factors should be driven up to bayesify this
problem and solve in the way of Bayes — Laplace
rule. Suppose, that RER and the training period
both have identical influence or importance. Then
the optimal BPATF number j, is determined in

accordance with the index

u, eargurrzlli%(hlu +hy,)={6} (6)

and j, =13 corresponds to the fastest BPATF

“trainscg”, producing high RER nevertheless.
However, we cannot be assured in identical influ-
ence or importance of these factors. Moreover, if
the probabilistic measure or importance measure

over RER and the training period is {% %},

0.7519 0.9774 0.9549 0.9925 0.9549 1
0.9425 0.1442 0.9544 0.1481 '

1443 224

6.7 } )

5
0.0443 ©)

which means that the precision is thrice more im-
portant for us than the time resources, then

u=l,

. (3 1
u, €argmin (Zhlu + ZhZu j ={3} @)

and the fastest BPATF “trainscg” yields the top for
BPATF with the number j, =7, that is BPATF

“traingda” appears the most effective under such
requirement measure.

Somehow or other, non-assuredness in relation-
ship between RER and the training period urges to
play a matrix 2x6 game to select one of six
BPATF against the situation with total uncertainty
over these factors. Solving the game with the ma-
trix (5), there are strictly dominated the second and
fourth pure strategies of the second player, and its
optimal strategy is

Q=[q & & 4 G G;]=[0.7657 0 02343 0 0 0]eQcQ=

={Q=[ql g qﬁ]eRé‘Z%zlﬁ%e[Oél]V“=L_6}- ®)



From (8) it is seen that for BMCR with FFNN un-
der uncertainty over factors of precision and time
resources there should be combined BPATF
“trainbr” and “traingda” with probabilities
q,=0.7657 and g, =0.2343 respectively, and this

combination will produce the optimal [, ]2X .
game value v, ~0.7995, whence the guaranteed

RER converges to

v max {7 (100)} ~0.1063  (9)

Pt e(2,6,7,8,9,13)

at the guaranteed training period

J Meural Network Training (nntraintool)

—_—

max
je{2,6,7,8,9,13

Vo }{[9_,.(100)} ~120.88  (10)
for over the whole NMR through the passed suffi-
ciently great [7] number of series and samples.
Such a combination may be realized during the
process of training FFNN, when there is retuning
from a noise level to higher one within the prede-
fined NMR. After having slightly recoded
MATLAB function “appnncr” for combining
BPATF “trainbr” and “traingda” with probabilities
in (8), for 100 series of 10° samples of BMCR
process (fig. 3) there is RER 0.101, produced by
FFNN, which has been trained for 122.897 sec-
onds before. These values are very similar to (9)
and (10).

FEX

Neural Network

Qutput

Layer Layer
Input
is 26
10 2

(]
Algorithms
Training: Bavesian Regulation  (trainbr)
Performance: Sum Squared Error  (sse)
Detivative: Default  {defaultderiv)
Progress
Epoch: o 15 ikerations | som0
Time: [ 0:00:06 |
Performance: IER e B 0.100
Gradient: e7.8 [ nEes 1.002-05
Mu: 0.00500 0,00500 1.00e+10

Effective # Param:
Sunn Squared Param;

Plots

T
Training State {plattrainstate)

-
Plot Inkerval: ./

@ Training neural network...

1 epochs

- () Stop Training |[ D cancel ]

Fig. 3. Training FFNN with BPATF “trainbr” in combination with “traingda” in the BMCR process

It would be enlightening to note that if there
were left only BPATF, being trained for the short-
est period and producing the least RER, that is

“trainbr” and “trainscg”, then the generated 2x2
game with the corresponding matrix



B. B. Pomantox

07519 1
(11)
1 0.0443

would have given the greater guaranteed RER and
the greater guaranteed training period, because the
optimal value of the game with the matrix (11) is
Vot ® 0.803, being roughly 0.4 % greater than the
optimal [

nu ]sz game value Vopt ~0.7995.

Conclusion

The investigation of BPATF within MATLAB
7.14 for FFNN on BMCR displayed with (1) that
there are only six BPATF (“trainbr”, “traingd”,
“traingda”, “traingdm”, “traingdx”, “trainscg”),
letting the trained FFNN produce tolerable RER,
being lesser than 15 %. And despite the
requirement measure over RER and the training
period is quite uncertain, what was exampled for
(6) and (7), there has been substituted the 2x6
DMP with the matrix 2x6 game due to norming
(2) and (3) over the data matrix (4). The second
player optimal strategy (8) from the solution of this
game contains two nonzero probabilities of
BPATF “trainbr” and “trainscg”. Combining these
BPATF with those probabilities during the process
of training FFNN by retuning from a noise level to
higher one within the predefined NMR, there is
riskless convergence of RER to (9) at the
guaranteed training period (10) for BMCR under
noise with so-trained FFNN. But as soon as the re-
quirement measure over RER and the training pe-
riod becomes clearer, the problem of selecting a
BPATF among those six BPATF should be
bayesified into 2x6 DMP and solved in the way
of Bayes — Laplace rule. However, clarifying this
measure numerically may take some time, so be-
fore this clarification the distribution in (8) over
BPATF from 2x6 game with the matrix (5)
remains current. And as the fundamentals of
BMCR under noise are the same for BMOR under
noise, then the gaming approach for combining
BPATF may be applied for BMOR problems be-
fore they are converted to DMP.
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Pomantok B. B. KombinyBanHsa HaBYaJbHUX (yH-
KIIiii aJropuTMy 3BOPOTHOT0 MOLIMPEHHS /s 3a1a4i
po3ni3HABaHHS CHMBOJIIB 3 MOOITOBHM BimoOpaikeH-
HSIM M BIVIHBOM WIYMY 32 J0NOMOTIOI0 HeHpOoHHOI
Mepe:xi 3 TPIMHUM 3B’ I3KOM

Pomanrok B. B. KomOmnHupoBanme o0y4darommx
¢yHkuuii aaropurMa o0paTHOro pacnpocTpaHeHus
AJIS 3324 PacNo3HABAHMUS CHMBOJIOB ¢ TOOUTOBBIM
oTro0paskeHHMeM MOJ BO3JeiicTBHeM HIyMa ¢ MOMO-
b0 HEHPOHHO ceTH ¢ NPSAMOIi CBA3bIO

PaccmaTpuBaeTrcs HeMpoHHas CETh C MPSMOM CBSI3bIO
¢ 13 oOyuaroruMu QyHKIUSIMA aJropuT™Ma 0OpPaTHOTO
pacnpocTpaHeHHs Ul 3afaydl Paclo3HAaBaHUS CHUMBO-
JIOB C MOOWTOBBIM OTOOpa)KEHHEM IO BO3JCHCTBHEM
myma. [Ipu mpoBeneHnM OOJIBIIOTO YWCIa MCIBITAHUH
MPOU3BOIUTENBHOCTH 3TOH cet B MATLAB Ob110 00-
Hapy»XeHo, 4To c(OpPMYJIMPOBaHHAS 3a/lada paclio3Ha-
BaHMS MOXKET PEIIaThCsl TOIBKO C HIECTHIO O0YJAIOIIN-
MH (QYHKIHSMH, UMEIOIIMMH COBEPIICHHO pPa3iNYHbIC
MeproIbl O0YUYCHUS U AIOIINe pa30pOCaHHBIN YPOBEHb
omuOO0K pacro3HaBaHus. JIMITE KOMOMHUPYS 3TH IIECTh
oOydaromux (QYyHKIUHA ¢ BEPOSTHOCTSMU B ONTHUMAIIb-
HOM cTpaTeruu BTOPOTO MIpoKa M3 MaTpUYHOU 2x6 -
UTPBI, MOXXET OBITH OINPEAEIEHHO JOCTHIHYT TapaHTH-
POBaHHBIH ypOBEHb OMIMOOK PAacCHO3HABaHUS 3a rapaH-
TUPOBAHHBIN Tepuoa oOydeHHs, Hpexne deM Oyaer
npeoOpa3oBaHKe K 3a7ade MPUHSITHS PEIICHUH, KOoraa
(hakTOpHl BPEMEHHU U MPOU3BOIMTEIHLHOCTH B OTHOIIIE-
HUM K IIECTH OOydYarommM (QYHKIUSIM OOpEeTyT Mepy
cBoeil morpedHocTH. [l mpumMeHEHHOTO andasuTa
CHMBOJIOB C MOOMTOBBIM OTOOpa’KeHHEM B KOMOWHHPO-
BaHMU C HEHYJICBHIMH BEPOSTHOCTSIMH OKa3aJHCh IBE
oOyuqaromre MATLAB-¢ynkiun “trainbr” u “trainscg”.
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Pomanrok B. B.
PEIIEHUE MATPUYHOM 3x N -UI'PBI JJIA OITUMAJIBHOT'O
KOMBHUHUPOBAHUSA AJITOPUTMOB OBYUEHUSI HEUPOHHOM CETH C MEPOI
OIUBKU UWAEHTUP®PUKAIIUAU 11O BPEMEHU OBYYEHUSA ITPHU OBFBEME
HNOTPEBJISIEMBIX PECYPCOB
PaccmatpuBaercs mpou3BOJibHAS HEHpPOHHAS CETh C TPEMSl B3aMMO3aBHCHUMBIMU TOKAa3aTEISIMU:
Mepa OMHKOKH MACHTH()UKAIMK, MOJyYaeMasi IOClIe BpEeMEHH OOydYEeHHs MO OJHOMY W3 BO3MOKHbIX N
aNrOpuTMOB OOyYEHHUs HEHpPOCETH, COOTBETCTBYET HEKOTOPOMY O0BEMY MOTpeOIIeMbIXx pecypcoB. s
YCIIOBHSI HEBO3MOXKHOCTH YKa3aHHUS MIPUOPUTETHOCTH M KOJTHMYECTBEHHOTO PAHXHPOBAHMS STHX MOKa3aTesel
npeyiaraeTcs mepexon k coorsercrByomieit 3x N -urpe u eé pemenno B GopMe ONTUMAIBHON CTpaTernu
BTOPOT'O UTPOKA, C YbHMH BEPOSTHOCTSIMHU CJIEyeT KOMOMHHPOBATh allTOPUTMEI 00ydeHus: Helipocetu. [Ipu
MIEPBOHAYATLHON HempueMeMocTH kputepus baiieca — Jlamumaca juis BeIOOpa ONTHMAaIbHOTO alTOpPUTMA
MPUMEHUMOCTh 3TOTO KpPUTEpHUS TMOIIACPKUBACTCA JHUIIb TOCIE HCTEUYCHHS OINPEACNEHHOTO MepHoja
BpeMEeHU (QYHKIMOHMPOBAHHUA HEWPOCETH, KOTJa CTaHET BO3MOXHBIM TOUYEYHOE OIIEHWBAaHUE BECOB €&
roKa3aresne.
KawueBble cioBa: HeiipoceTb, NoOKa3aTejld HeWpPoOceTH, AaJrOpUTM o00ydeHHs, 3ajaaya
NPUHATHUSA pellleHUuii, MATPUYHAS UTPa, ONTUMAJBLHAS CTPpaTeruss BTOPOro urpoka, kpurepuii baiieca

— Jlamiaaca.

Pomanrok B. B.

PO3B’SI3YBAHHS MATPUYHOI 3x N -I'PHA 1JISI ONTUMAJIBHOT'O

KOMBIHYBAHHS AJITOPUTMIB HABYAHHS HEMPOHHOI MEPEXI 3 MIPOIO
MOMMJIKH ITEHTU®IKAIII 3A YACOM HABYAHHS ITPH OB’€MI
CHHOXKHUBAHUX PECYPCIB
PosrnsimaeTbcst nOBibHa HEHPOHHA MepeXa i3 TpbOMa B3a€EMO3ANECKHHMH IOKa3HHKaMHU: Mipa
HOMWIIKK iteHTH(iKkamii, oJep)KyBaHa IIiCIs 4Yacy HaBYaHHSA 3a OJHUM 3 MOximBMX N  anropurmis
HaBUaHHA HEHpOMepexi, BIAMOBiae NesKoMy 00 €My CIIOKUBaHUX pecypciB. s yMOBH HEMOXKIHBOCTI
BKa3iBKM TPIOPUTETHOCTI W KIUTBKICHOTO paHXXyBaHHS IHMX TOKa3HHUKIB MPOTOHYETHCS TMEpexin o
BimnoBigaHoi 3x N -rpu Ta i po3s’si3ky y (opMi ONTHMAaiIbHOI CTparerii JApyroro TpaBils, i3 YHIMH
WMOBIPHOCTSIMH BapTO KOMOIHYBAaTH ajlrOpUTMH HaBUaHHS Helipomepexi. [Ipu mepBicHIA HEMPUWHSATHOCTI
kpurepito baiieca — Jlamuaca s BHOOpY ONTHMANBHOTO AITOPUTMY 3aCTOCOBHICTH LIBOTO KPHUTEPIO
MiATPUMY€ETHCS JIMILE MICIIs 3aKIHYEHHS IEBHOTO Mepiofy yacy (yHKUiIOHYBaHHS HEHpOMEpexki, KOJH CTaHe
MOJIMBAM TOYKOBE OLIIHIOBAHHS Bar il TIOKa3HUKIB.

KawuoBi cioBa: Heilipomepe:ka, MOKa3HHKHU HelpoMepei, ajlropuTtM HaBYaHHs, 3aAaya
NPUIAHATTS pilleHb, MATPHYHA rpa, ONTHMAJBHA CTpaTerisi Apyroro rpasusi, kpurepiii Baiieca —

Jlanaca.



Romanuke V. V.
SOLVING THE MATRIX 3xN GAME FOR COMBINING OPTIMALLY ALGORITHMS
OF THE NEURONET LEARNING WITH IDENTIFICATION ERROR MEASURE AFTER
THE LEARNING TIME BY A VOLUME OF THE CONSUMED RESOURCES
There is considered a neural network with three interdependent indexes: identification error measure,
being acquired after the learning time by one of the N available algorithms for the neuronet learning,
corresponds to some volume of the consumed resources. For condition of unfeasibility of pointing at the
priority and ranking quantitatively these indexes there is suggested the conversion into the corresponding
3x N game and its solution in the form of the second player optimal strategy, with whose probabilities the
algorithms for the neuronet learning should be combined. Despite the primary inadmissibility of the Bayes
— Laplace criterion for optimal algorithm selection this criterion applicability is supported only on the
expiry of a certain time period of the neuronet functioning, when the point evaluation of its indexes weights
becomes available.
Key words: neuronet, indexes of neuronet, algorithms for learning, decision making problem,

matrix game, second player optimal strategy, Bayes — Laplace criterion.

BCTynJIeHI/Ie N AKTYAJbHOCTb

[IpunsATHE pelIeHui ¢ TOMOIIBI0 HEHPOHHBIX CETEeW ABNSAETCS HEOOXOIMMBIM IAroM Ha
INYyTH K OCBOEHMIO MCKYCCTBEHHOro MHTesuIeKTa [1]. B aTOM acnekre mocTpoeHue M ONTUMHU3ALuUs
apXUTEKTypbl HelpoceTu urparoT (¢QyHIaMeHTalbHyl0 poib. KitoueBbiMu (akTOpamMu B
UCIIOJIb30BaHUM HEHpOCeTH SBISAIOTCS ypoBeHb €€ 0oOyueHHs M Mepa OLIMOKM HIEeHTH(UKALUU
(MOH), a Taxxe KOJUYECTBO PECYpPCOB, HEOOXOIMMBIX JJIsI HOPMAJIBHOTO (PYHKIIMOHUPOBAHUS
Helipocetn [2, 3]. Tem He MeHee, pa3lIWyHbIE MOJAXOJbl K peanu3aluu Ipolecca oOydeHus
HEMpOCeTH MPUBOJAT K COBEPIIEHHO Pa3HbIM 3HAYEHUSAM ITHX TPEX (PaKTOPOB, BTOPOI M3 KOTOPHIX
U YaCTUYHO TPETHH SIBIIAIOTCS HEU3MEHHbIMM aTpuOyTamMu Heiipocetu. B cBA3u ¢ 3TuM BbIOOp
crnoco0a oO0y4yeHHsT HEHpOCETH JMJOJDKEH OCYIIECTBIAThCS B paMkax coryacoBanuss MOU ¢
BpEMEHEM OOY4EHMsI HEHPOCETH, MPSIMO ONPEACISIOUUM YPOBEHb €€ 00y4YeHMsI, U KOJIUYECTBOM

NoTpeOIIIEMBIX PECYPCOB, UTO HE BCET/Ia BHINOJTHUMO OJTHO3HAYHO.

AHaJIM3 N0 NEPBOUCTOYHMKAM TeOPUH HEHPOHHBIX ceTei

[TpruMepoM HEBO3MOXKHOCTH OJHO3HAYHOI'O BBIOOpPA ajqroputMa oOyudeHHs! HeHpoceTu Jaxe
U3 JIBYX BapUaHTOB SIBJISIETCS XOTs Obl Ta CUTyalus, Korja y oqHoi Heiipocetn menbiie MOU, a Ha
o0yuyeHHe ApPYrol HEUpPOCETH YXOIUT MEHbIIE BPEMEHH, NMPUYEM HEHPOAPXUTEKTOP HE MOXKET

OTIPEICITUTRLCS C MIPHUOPUTETHOCTHIO cpear MOU u BpemeHem oOydenwus [4]. 3agada BeiOOpa ObLIa



OBl BBIPOXKJICHHOM [5, 6], KOrma y OJHOM M3 HelWpoceTel oka3aanch Obl HAUMCHBIIUMHU 3HAYCHUS
MOMU, BpemeHnun oOy4YeHHST W  KOJWYECTBA IMOTPeOIsIeMbIX pecypcoB. OmHakKo 3TO
MPEUMYIIECTBEHHO HEBO3MOXKHO, IMOATOMY MPUXOIUTHCS pElIaTh COOTBETCTBYIOIIYIO 3a/ady
npunsatus pemenuit (3I1P) ¢ ompenenéHHBIM KOMMYECTBOM albTEPHATHB (YUCIOM CIIOCOOOB
oOydeHus1) U Tpemsi coctossHusIMU. Ho nake W B 3TOM ciayyae BO3HUKAET CEpbE3HAs TUIEMMA,
CBSI3aHHAs C BEPOSTHOCTHBIM OIICHHMBAHUEM COCTOSTHHUH-(GAKTOPOB [5, 7], MOCKOIBKY, CKaXXeM, B
nporecce (GyHKIuoHUpoBaHus Heiipocetn 1 MOU, u 00BEM mMOTpeOIsIEeMBbIX PECYpCOB OUYEHBb
BaXXHBI, XOTS U NMPAKTUYECKHU SIBIISAIOTCA ITUAMETPAIbHO MPOTHUBOIIOJIOKHO B3aMMOJCHCTBYIOIUMU
KaTreropusimMu, Beab ymeHbiieHne MOW Bo3MOXkHO 3a cuéT yBenuueHus 3Toro odbéma [2, 4], HO

MIPH 3TOM HEHPOCETh HEOOXOIMMO TiepeoO0ydaTh (MU J000y4aTh).
ean v 3apanus

Hcxons u3 cyniecTBOBaHUS Pa3IMUHBIX AJITOPUTMOB 00yUYEeHHsI HEUPOCETH, MPUBOASIIUX K
JIOCTaTOYHO Pa3HBIM TPEX(PaKTOPHBIM TPYIIaM IJaHHBIX, XapaKTePU3YIOHINX (DYHKIMOHATBLHOCTD
HelpoceTH, HeoOxoauMo pemnTh 3IIP 0 BpIOOpe onTUMaIbHOTO anroputMa o0yueHHs B YCIOBHIX
HEBO3MOXKHOCTH OCYIIIECTBJICHHS OJIHO3HAYHOTO BBIOOpPA OJHOBPEMEHHO TO TPEM (haKTopam-
napameTpam Hewpocetu. s 3Toro cHawama HyxHO ¢opmanuszupoBath 31y 3IIP, mocme dero
chopMyIMpOBaTh KPHUTEPUH ONTHUMAIBHOTO BBIOOpa, MOMHS O TOM, YTO JI00as THUIIOTE3a O

BEPOSITHOCTHOI Mepe TPEX COCTOSTHUI Cpe/Ibl 371eCh SBISIETCS HEOTBEPracMoil.
Pemenne 31IP ¢ Hem3BeCTHOI BEPOSITHOCTHOM MepPOii TPEX COCTOSIHMI Cpebl

ITycTe coctosinue cpenpl I, Oyner orBedatb MO, Bpems o0ydeHUs: HEHPOCETH CBSDKEM C
COCTOSIHMEM Cpenbl I,, a COCTOSHME cpeabl I, OyleT CHMBOJHM3MPOBATh OOBEM IMOTPEOIIAEMBIX

pecypcoB, HEOOXOAMMBIX JUIsl HOPMAIBHOTrO ()YHKIMOHMPOBaHUs HerpoceTn. Yepes m; obo3Haunm
j -it anroput™ 06ydenns meiipocern, rae j=1, N mpu N € N\{l}. Torma ecim p; Gyzer MOU
HEHpPOCETH Mocsie J -ro anroputma e€ 00y4eHus (B MPOLEHTAX MM OTHOCHTENBHBIX €IMHULAX), t;

CTaHeT MEepPUOJOM BpPEMEHHU, HEOOXOTUMBIM IJii OOy4YeHHUs HEHPOCEeTH IO ATOMY ajJroputMmy (B

CeKyHJax, HanpuMmep, WIM MHHyTaxX, 4acax, IHsiX), a U; Oyner o00bEMOM MHOTPeOIIeMBIX

HEHPOCEThIO pecypcoB (CKakeM, B rurabaiTax mamMsATH WIH B KOJHYECTBE IPOIECCOPOB), TO
nonyuuM 3IIP ¢ N x3-matpuueit pemenuil. IlomuepkHéM, BmpaBay, 4TO B 3TOM Marpuile
Oe3pa3mMepHOil BennunHoM sBisiercs Toiabko MOU. CrenoBaTtenbHo, HEOOXOAMMA AONOTHUTENbHAS

HOPMMPOBKA, KOTOPYIO BBIIIOJIHUM JUJIsL KaXKI0T0 U3 TPEX MOKA3aTeJIed HEMPOCETH 110 OTHOLICHUIO K



HauOobIIeMy 3HaYeHUI0. Ho mpekae BCero 3aMeTuM, 4To Mepei BKIIOYCHHUEM | -T'O alrOpUTMa

00yueHMsI HEHPOCETU B PACCMOTPEHHUE HY>KHO YAOCTOBEPUTHCS B TOM, YTO MOPOXKJIAEMbIE UM TPHU
napameTpa HeMpoceTH yAO0BJIETBOPAIOT 00LIeMy TpeOOBaHUIO, COIJIAaCHO KOTOPOMY UX 3HAYCHMS HE

JOJIKHBI IPCBBINIATh 3a/1aBAaCMBbIC JOITYCTHUMBIC I'PAHUIIBI:

pj < pmax’ t] gtmax’ uj <umax' (1)

[IpuHsiB BO BHUMaHHUE TO, YTO JIt00asi THUIIOTE3a O BEPOSITHOCTHON Mepe TPEX COCTOSHHUMA CPEIIbI

HEOTBCpPracMa, TO €CTb HCCICAOBATCIIb HIIM I10JIb30BATCJIb HeﬁpOCCTH HEC MOXCT AJId JaHHOI'O

v 3
KJ1acca 3aaa4 pacupCaCuTbh KOJIUMYCCTBCHHO NPHUOPHUTCTHOCTL CPEAN COCTOSHHU {ri}i:l, IIOCTOUM

matpraHyro 3x N -urpy ¢ marpuneit K = [kij ]3 N e

p t; u
klj = J kzj =—, ksj = : (2)
max p, maxt, maxu,
n=1, N n=1, N n=1, N

B aT0ii urpe ponb BTOPOro Mrpoka HNpUHUMAET Ha ceOs IMoJyib30BaTeNb HeifpoceTu (Wi ke eé
apXUTEKTOP B CMBICIEC ONTHMHU3ALMU (YHKIMOHMpPOBaHUS). [lepBbIil MIPOK OJIMIETBOPSIET BCE

3aa4u p€macMoro ¢ nNoMoOIbrO JTaHHOM Heﬁpocem Kj1acCa, KOTOPhIC YCHUIIMBAIOT MHOFOOGpaSI/IC

o o 3
KOJIMYCCTBCHHOU IPUOPHUTCTHOCTH CPpEAU COCTOSIHUU {ri}H .

N3 pemenns K = [kij 4oy “HTPBL TP (2) Hac uMHTEpecyeT TOJbKO ONTHMAaJIbHAsI CTpaTerus
X

[8] BTOporo urpoka (OCBN)

Q:[ql q, - qN]EargminmaX(X'K‘QT):QCQ:

QeQ XeX
N —_—
=1Q=[¢, ¢, - aJeR":) q;=1q,€[0;1]V j=L N, 3)
=
rie
X=[x x x3]eX:{XeR3:xl+x2+x3:1,xie[O;l]vizl,_3},

Ybsl BEPOATHOCTH ( ; COOTBETCTBYET BEPOSTHOCTHOMY BeCy ainropurma M. JInmib B cpaBHATEIBHO
penkux ciydasx, koraa N € N\{l} noctatouHo HeBennko, OCBU B (3) okaxxeTcs BBIPOKICHHOM,
TO €CThb HaWm€Tcs J, -ii anropuTM Tako, 4TO qjl =1, j e{l, N}. B ocranpHbIX XK€ ciyyasx

npuAETCs pemaTh 3anady npakrudeckor peanmsanuu OCBU B (3), ucnons3ys, Hanpumep, padboTy



[9], yTO BO3MOXKHO B Tpoliecce 00yUYEeHHs HEUPOCETH C MOATAHBIM HapalliBaHUEM YPOBHS IIyMa
OT HYJIEBOTO /10 HEKOTOPOrOo IPaHMYHO MakcumaibpHOro. Ilpu 3TOM >KkenaTenbHO, YTOOBI YHMCIIO
TaKUX 3TAnoB ObLIO MPONOPLIUOHAIBHO O0IEMY 3HaAMEHATeI0 HeHyJeBbIX BeposiTHocTer OCBU B
(3), mnpexacraBieHHbIX B ¢dopmMe JpoOell ¢ OJMHAKOBBIMH MHHHUMAJIBHO BO3MOXKHBIMHU
[EJIOYMCICHHBIMU 3HAMEHATEISIMU TIPU LENbIX 3HadeHusXx uyucaurened [9]. Takum obpazowm,
OCYILECTBIIEHUE KPUTEPUsI ONTUMAIBHOIO BbIOOpa aJiropuT™Ma 00yueHHsI HEHPOCETH, COCTOSIILIETO B

MHHUMU3AIMN MAKCHUMAJIbHO Hey,Z[O6HOFO pacnpeaciicHud KOJUYCCTBCHHBIX HpI/IOpHTCTHOCTeﬁ

o o 3
Cpelll COCTOSIHHM-IIapaMeTpoB HeHpoceTu {ri}i:v MPOUCXOANT C TIOMOIIbI0 KOMOMHHUPOBAHHUS

aJITOPUTMOB O0YUYEHHS C COOTBETCTBYIOUIMMU BeposiTHOcTsAIMU 13 OCBU B (3).

Paccmorpum cnenytomuit mpumep. Ilycte N =4, npuuém nomycTumble TpaHUIBL JUIS

o o 3
COCTOSAHHUU-ITAPpaAMETPOB HEUPOCCTU {I’}}F1 YCTaHOBJICHEI TaK:

P, =005, t =60, u_ =16, (4)

max

riae BpeMms t_ - IpeAcTaBlIeHO B CEKyHJaxX, a MapaMeTp I, u3MepseTcsa B rurabaitax onepaTUBHOM

X

mamatn. MOU JUIS KaXKA0Tr0 U3 ‘leTHpéX HCCIICAYCMBIX aJITOPUTMOB OKa3bIBAIOTCA TAKUMHU:

4
{p;}, ={0.034,0.036,0.04,0.032} )

Ha oOyueHue HelpoceTH NHO KaXIOMy W3 aJITOPUTMOB YXOJSAT Takue MEpUOAbl BPEMEHH B

CCKYHIaXx:

4
{t;} , =154,513,37.8,52.92}. (6)

U, nakonern, 00bEM HEOOXOIUMOI ONEpaTUBHON MaMATH B rUTabaiTax:
4
{uj}j:1 ={12.125, 9.375, 9.375,12.5} . (7)

Kax BumHO, mapaMeTpsl {ri }; co 3HaueHusmH (5) — (7) ipu (4) ynoBneTBopsroT TpeboBanwmio (1),

MO3TOMY KaXIbIH U3 YETHIPEX aJTOPUTMOB MOXKET OBITh 3aJ€HiCTBOBaH B Ipoliecce OOyudeHus

HelipoceTH. [IpumMeHrB HOpMHUPOBKY (2), ostydaeM 3x 4 -urpy ¢ MmaTpuuen

08 09 1 08
K:[kij]H: 1 095 0.7 0098]. (8)
097 0.75 0.75 1



B uumcteix crparerusix ata wurpa He pemaercs, nodtomy OCBW 31nece okasbiBaeTcs

HEBBIPOKICHHOM:

_ 10 74 1157 _,
=10 — — —|eR". 9
Q[ 73 219 219} 2

4

[Mpumenenne OCBU (9) B cMbicie KOMOMHHPOBAHUS TPEX AITOPUTMOB OOYUYCHHS {mj}j_2 C

BEPOATHOCTSIMU {q j} u3 (9) rapanTupyert onTUManbHOE 3HaueHue 3 x4 -urpsl ¢ matpuuei (8)

4
=2

_193 0813, (10)
219

opt
TO €CTh HEHpOCeTh, O0yUeHHas 3a

maxt = E~54 ~ 47.589 cekyHp,
219

opt n:l,7 n

Oyzner padorats ¢ MOU Ha ypoBHe

Vop "X Py = %-0.04 ~0.03525,
UCIIOJIB3Ysl IIPU 3TOM
193 . .
Vot ‘max u,= 219 12.5~11.016 ruraGaiiT onepaTUBHOI MaMATH.

EctecTBeHHO, ¢ TeueHHEeM BpeMeHH (DYHKIIMOHUPOBAHUS HeMpoceTu OyIyT HaKaIrIUBaThCs

3HaHUA [1, 4] O KJIaCCC 3aZla4, KOTOPbIC OHA 6yneT peuiarhb. 910 JaCT BO3MOXHOCTb KOJITMYCCTBCHHO

. 3 .
OLCHUBATH MMPUOPUTETEI CPEAN €€ MMapaMCTPOB {r, }i:1 . ecmm YAACTCA MOJYUYUTh TOYCUHBIC OLICHKU

x=wel[01] Vi=13, (11)

TO TOIraa BBI60p ONTHUMAJIBHOTO aJITOpUTMa O6y‘leHI/I$I mj* JOJDKCH CCTCCTBCHHBIM 06pa30M

MIPOUCXOANTH MO U3BECTHOMY Kputeputo baiieca — Jlanaca [S5, 6]:

3
J*eargglﬁlﬁz_llk”“i' (12)



g npuBea€HHOro mpuMepa ¢ mapameTpaMmu HedpoceTd co 3HadeHusmu (5) — (7) nmpu (4),

npezcTaBisieMbIMH B (hopMme (8), MOXKHO € caMOro Havajia He pemarth 3x4-urpy ¢ marpuiei (8), a

B3STH L, :% Vi=13.Torma

. EES
J. € argmin g;k” ={3}.

4TO OIpeNeNseT TPETHH anroputM oOyueHHs Kak onTHMaibHbIi. OgHako, oOpaTuM BHUMaHHE,
oOyuas HeipoceTh 3a 37.8 cexkyHn Ha 9.375 rurabailt onepaTMBHOI namsTH, Mbl OyJleM NOJIy4aThb
noBoJbHO Oousbiryto MOUW, paBHyto B cpenHem 4eTbipéM mporeHtaMm. Kpome Toro, He Oyayuu
yBEepEeHHBIM B paBHOBaXHOCTH MO, BpemMeHnu oOydeHHS u 00bEMa OMEPaTUBHOW MaMATH Kak
nokazaressix (yHKIMOHAIbHOCTH HEHPOCETH, TAKOH pe3yJIbTaT MPeJICTaBIAETCS BECbMa YCIOBHBIM.
A paBHOBEpOSITHOE KOMOMHHPOBAaHHE YETHIPEX aJTOPUTMOB B TaKOW CHTyallUd TakXe HE JacT

yIydli€HUusd B CPCAHEM, ITIOCKOJIBKY

0.85 09 1 0.8
11y 1 095 0.7 098] 1
3 3 3 4
097 0.75 0.75 1

T
1 l} =0.8875,
4 4

-

4TO MpeBbIIaeT onTuManbHoe 3HaueHue (10) 3 x4 -urpsl ¢ marpureii (8).

BeiBOa

Pemenue K:[kijl | “ATpBI TIpH (2) B dopme OCBU B (3) mo3BOSIET TIO TPOIIESCTBUU

nporecca o0yueHHuss HeHpOoCceTH N0CTUYb rapaHTupoBaHHbIXx MOMU, BpemeHn oOyueHHs U 00bEMa
NOTPeOJIIEMBIX HEUPOCEThIO PECYpCOB MPH JOCTATOYHOM KOJHMUYECTBE JTAarnoB oO0y4yeHus. B
JanpHermeM mporecce (yHKIMOHUPOBAHHUS HEMPOCETH, CKOpEe BCETO, MPUOPUTETHOCTH ITHX
apaMeTpoB MOXKHO OyZeT OLEHMBATh KOJIMYECTBEHHO C OOJIbLIEH CTENEHbIO YBEPEHHOCTH, YTO

JaCT BO3MOXKHOCTb HcCHOJb30BaTh pemieHue (12) coorBerctByromei 3IIP ¢ N x3-marpureit

pemennit K™ = [k ji]N , ipu (2). Bormpocom nonyuenust TouedHbIx oreHok (11) mocne ucreuenus
X

OTpeACIEHHOTO TEepuoJia BPEeMEHH (QYHKIIMOHUPOBAHWS HEHPOCETH ¥ CTOUT 3aHATHCS B

IPOAOJIKEHUHN IIPEACTABIICHHOI'O UCCIICJOBAaHMA.
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DECISIONS ON SELECTING THE TRAINING ALGORITHM OF THE NEURAL
NETWORK WITH A SET OF ITS BEING CONTROLLED PARAMETERS

There is predicated a decision making problem with the finite set of neural network training algorithms as alternatives
against a set of that neural network parameters, being controlled and estimated. The rules for making decisions on selecting the
training algorithms optimally are formulated.
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On selecting a training algorithm for the neural network

A primitive set of the neural network (NN) parameters contains the volume of the used resources (URV),
erroneous performance rate (EPR), and the averaged period for teaching or training (ATP) the NN under an adjusted
configuration. These three parameters, however, may be supplemented and split each into their subparameters,
reflecting specific features of the functioning NN. But NN with a set of its being controlled parameters can be
configured in several ways. Sometimes an NN configuration is associated with the algorithm of training the NN,
after which NN acquires converged values of its adjusted parameters. So, there stands an actual task to select that
training algorithm (TA) which could ensure the desired values for the being controlled parameters of NN.

Training algorithms against the neural network parameters

The task of selecting the TA of NN with a set of its being controlled parameters is formulated as a decision
making problem with the finite set of TA as alternatives against the set of NN parameters. Certainly, the values of
elements of the corresponding decision matrix (DM) should be standardized or normalized so, that difference in
dimension units of NN parameters would be disregarded. Although, there a wide many of situations, when DM
elements can be evaluated only as some intervals . For instance, such an evaluation is typical for EPR, ATP, and
rarely for URV. It causes wants to map these interval evaluations into points and then resolve the task of selection.

Target

Will formulate rules for making decisions on selecting the TA of NN with a set of its being controlled
parameters. For hitting this target there should be generalized the selection task as choice task for cases when a
probability measure (PM) is defined over NN parameters and when it is not.

Convention

May there be NN with M parameters {I’i }Zl , each of which is evaluated as a point value or an interval of

real values. This NN can be trained with one of N TA {a i }’L . The value of the i -th parameter of NN, trained with

the j-th TA, is u;, though it belongs to the defined segment as

u; €[ a;; by ], a; <b (1)

1

if its definition is made intervally. May it also be there a convention that the parameters of NN were constituted so,
that the lesser u; the better the i-th parameter of NN, trained with the j-th TA. Hence here is N xM matrix
U= (u i )N " of a decision making problem to select the optimal TA, making NN produce the desired values of its

parameters.



1. Appropriateness check and standardization

If the value of u; is defined or determined as a point U; = u; ,

check of

then firstly there comes an appropriateness

* (max) s s
Uy <Y Vi=LM for j=1,N. 2)
Suppose that (2) is true for a set of indexes J {1, N} , that is

u<u™) vi=,M and Vjng{l,_N}. 3)

ij i

The case with |J | = speaks that NN cannot be taught with the set of TA {aj }L . The case with |J| =1 proclaims

the decision on selecting the TA of NN to be made: there is the single j.-th TA, j. €J, for teaching the NN with
M

the set {ri}:\il of its being controlled parameters. In the case with |J|: N, >1 the values {{UG}J J} are

i=l

standardized through
u _
kj=——— Vi=LM and V jel )
rrl%uin
n=I, N
or
u _
kijzu(m”ax) Vi=L,M and V jel (5)

2. Point-evaluated DM elements and PM over NN parameters

If the value of u; is a point u; = u;} and PM over NN parameters is defined as weights

M
W we[01] Vi=TM by Y ui=1, (©)
i=1

then after (3) and (4) or (5) the optimal TA a; has the number

M
Joedi= argnjlﬁl}lzl:“i i (7)
due to the Bayes — Laplace rule, where the set J. is always nonempty, though it is not excluded that [J,|>1. And
in the case with |J,|>1 the intra-optimal TA a; number may be found by one of the following rules:
Ju € J. =argmin {g%{ku*} , ®)
Jor € e = argminmﬂ{urkij*} , )
jeeds i=I, N

M

Jux e\]**zargr}:}g}{];[km}, (10)
M

Ju€Ju = argfjfleljf}{l:[lii kij*} ’ (11)

J**

where the set J.. is always nonempty. Deeper, if one of the rules (8) — (11) outputs the set >1, then this set



can be put into an non-empowered rule from those ones under minimization until the set J.. contains the single
element or all the four rules (8) — (11) are applied. However, an arbitrary choice of TA with the number from the
set [J.|>1 or [J..|>1 may be allowable too.

3. Point-evaluated DM elements and partially uncertain PM over NN parameters

If the value of u; is a point U; = u; and PM { pi}:\il over NN parameters is partially defined uncertain as
weights

M
s m e[u?"“"); u?'"“)} 0<p™ <™ <1, Z“i =1, (12)

i=1

then before applying a making decision rule for TA choice the segments in (12) must be mapped properly into

points (6), where in mapping the i -th segment [“gmm); ugmax)} into the point p; there must be p; e [pgmi“); p(ma")]

necessarily. Having got (3) and (4) or (5), here is two ways of accomplishing this mapping. The first is antagonistic
(minimax) one: if an optimal strategy

X:[ﬁl Hy - ﬁM]eargrgg;ggg(X~K~QT):.ch:
M —
:{X:[pl w, o HM]ERM:Zui:I,uie[O;l]Vi:l,l\/l} (13)
-1
by
N,
Q:[qj. q, - qjNJ}eQ:{QeRNJ:qulzl,qjle[o;l]VI:I,NJ} (14)
=1
inthe K= (kijI )M . game appears such, that
ﬁi c [ufmln)’ p'gmax):| Vi =1,_ (15)
then
w=p Vi=L,M. (16)

Consequently, instead of the rules (7) — (11) the K = (kij, )M |, game ensues: the second player optimal strategy

Q:[qj a, - djNJ]eargminmax(X-K-QT):QcQ:

QeQ XeX

N, L
:{Q:[qj1 q, - qjNJ]eRNJ ;qul =1,q, e[0;1] vI=1, NJ} 17)

I1=1

in this game shows that it is optimal to apply the j, -th TA with the probability (or weight) § i, by =1, N,
inasmuch as

D =argmin(X-K-Q" 18
Q argr(ggg( Q ) (18)
by (13). But if (15) is not true for any optimal strategy from the set X then the second way is in removing

. M
{[ Mgm‘“); “(maX)]}H uncertainties [6] independently of the optimal strategy (13):



(max)

b= 4 for k=1, M -1
1+ l'LEﬂmax) _ l'l(n:*nm)
m=1 m=1
and
M- Mol
Mol M&ma)‘) 1- Z Hfnmm)
Py =1 O T = S = M1 o= Mol
k=1 1+ Zuﬁnma)() lvlgﬂmm) 1+ Mgnmax) _ lngnmm)
m=1 m=1 m=1 m=1
if
“f(max} (min)
M-1 M-1 ‘ >uk szl,M—l.
N T
m=1 m=1

Nevertheless, if o/ is the set of those indexes j from the set {1, M —1} for which there is

H-(JmaX) 1- Z Mfmin)
IEQ% (min)
M-l Mo <M
1+ Zugmax) _ “fmax) _ Zusmm)
i=1 IEU‘% i=1
by jeo# and re{l, M —2} . Then
u’; — H.(jmin) v J c @4
and
Hf(maX) 1— Z Hl(min)
'EU‘% r
= — ) for ke{l,M—l}\U@%
1+Zufmax)_ Z “fmax) Zufmm) o
i=1 IEUQ’% i=1
by
lvlf(max) 1— MEmin)
IEUQ% r
— g1 - >u(mm) Vke{l, M _1}\UQ/%
1+Z fmax) _ z ufmax) _ ].,Lfmm) o

and

19)

(20)

@n

(22)

(23)

24

(25)



1— Z MSmin)
M-I ) 'EU‘%
My =1- Z“k =1- Z H(jmm) - M1 - Mo H&maX) . (26)
k=1 JGU@/G 1+ ZpgmaX) _ Z p'gmaX) _Zugmm) ké{m}\u%
i i=1

|eg@/¢ =

After having mapped partially uncertain PM (12) over NN parameters into (19), (20) by (21) or (23) with
r e{l, M —2} , (24), (26) by (25) there is applied the rule (7). If |J.

>1 then the set J... is determined within (8) —

(11) by the section 2 remarks.

4. Interval-evaluated DM elements

If the value of u; is defined intervally as (1), then firstly there comes the set J = { ji }IN: Jl c {1, N} of

ij

b, <u™) Vi=LLM and V jedc {W} . 27)
The results of cases with |J | = and |J | =1 are the same as in the section 1. In the case with |J | =N, >1 the values

M
{uf} _ are determined as
1 jed i=1

u =Jab Vi=LM by Vjng{l,_N} (28)

ij ij i)

and standardized through (4) or (5). If PM over NN parameters is defined as weights (6), then there is straight out
the rule (7) and are the rules (8) — (11) by the section 2. But when PM {ui}M

., over NN parameters is partially

defined uncertain as weights (12), then if it is mapped as (16) by (15) from (13), there is counseled it to apply the
J, -th TA with the weight ¢ i, by I =1, N; . Otherwise, if partially uncertain PM (12) over NN parameters is

mapped into (19), (20) by (21) or (23) with r e{l, M —2}, (24), (26) by (25), then the optimal TA number is

determined over again with rules (7), (8) — (11) by the section 2 remarks.
5. Unknown PM over NN parameters

What-and-how-ever defined the value of u; is, the unknown PM over NN parameters directs to use (16)

from (13). Then instead of the rules (7) — (11) the K = (kij, )M .. game ensues: the second player optimal strategy
(17) in this game shows that it is optimal to apply the j, -th TA with the weight ¢ i by I=1, N; inasmuch as (18)

M
by (13) is true. Before this, certainly, the values {{US}J J} for the submatrix K:(kij )M ‘ of the matrix
& )iz '/ Mx

J

U'= (uij )M . are drawn from either checking (2) into (4) or (5) or checking (27) with calculations in (28) into (4)
or (5).

Illations

The formulated rules for making decisions on either selecting the optimal TA number by (7) — (11) or

combining TA within their set {aj}T_l optimally by (17) for NN with its being controlled parameters {r }:\il are

valid only under the expounded convention. By that the point evaluations of DM elements and PM over NN
parameters in (6) should be strongly reliable. The reliability of interval-evaluated DM elements by (1) and partially

N M
uncertain PM (12) is higher, though. And, naturally, the endpoints of segments in {{[aij;bij ]} 1} and
=iz

. N
{[Mgmm); MEmaX) ]}i:I are not required to be as strongly reliable as the point evaluations. Actually, transition from point



an M
evaluations into interval evaluations often is explained with low reliability of pre-defined points {{uij}- 1} and

=)=

. M
weights {ui } | in (6).
1=

Unknown PM over NN parameters is a case, which is widespread at the start of functioning of NN, when
potentialities, usage conditions and parameters of NN can be estimated only through a series of solving real practical

Ny e e
problems. So no astonishing, that the decision to use PM over N; TA {a i } as the distribution in (17) at the start

of NN functioning appears the most reliable and substantiated, although the second player optimal strategy (17)
must be realized properly through the running multistage process of training the NN.

Having finally solved the generalized choice task for TA, either the rules (7) — (11) or TA combination
with weights in the second player optimal strategy (17) both ensure optimization of at least EPR, ATP, URV and
other fundamental parameters of NN. That optimization is meant as the values of parameters of NN are converged to

their averages, whose some convex combination is minimal or, for the case of the K :(kijl )M .. game, is not
Ny

greater than X-K-Q".
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