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IIPEANCJIOBUE K IIEPBOMY W3TAHWIO

Heasio mpepnaraemoit paboT sABIseTCA aKCHOMATIUE-
CKOe 060CHOBAHUE TEOPHYU BEPOATHOCTEH. Begymeit Mmricasio
aBTOpa OHII0 IPH DTOM E€CTECTBEHHOE BKIIOUEHHe OCHOR
TEOPUH BEPOATHOCTEH, CINTABIIMXCS €lIe HeXaBHO cosep-
HIeHHO CBOGOOPA3HHIMH, B pAN oOIMUX IOHATHIL COBpEMeH-
HOi#l maremaTuku. Jlo BosHUKHOBeHEA meferoBoi TEeOpuM
MEpLl M UHTErpana 9Ta sagava OHia mouTH GesHameKHa.
Ilocne wmccmemosanmit JleGera craza scHoir AHAJOTHA
MEIY Mepoil MHOKECTBA M  BePOATHOCTHIO cobniTHA,
a TAKIKe MEKAY HHTErPAJIOM 0T QYHKIUK ¥ MaTeMATHIOC KM
O'KUTaHUEM CAYIadHOi BeJMYEHEL. JTa aHAJIOTH Homy-
CRaeT W JaibHeilmee mMpoNOJIKEHNe: TAK, HampuMep, MHO-
rue CBONCTBA HE3AaBUCHMBIX CJAYUAfiHBIX BEAMIMH BIOJIHE
AHAJIOTHTHEL COOTBETCTBYIOMMM CBOHCTBAM OPTOrOHAMBHHIX
oyuxnnit. Qusa toro 4To0Bl, MCXOHA W3 HTOM aHaJoTuu,
060CHOBATH TEOPHIO BePOATHOCTEH, CIIeN0BaJI0 eme OCBo-
GofnTh TEOPMIO MEPH U TEeopmIo HHTETPAPOBAHAA OT Ieo-
METPHYECKUX DJIEMEHTOR, KOTODHE eme umenancs y Jlebera.
IT0 0cBOGOMEHNe GHIIIO OCYIIECTRICHO Dpeute.

[lonerTkn moctpoenuss ocmos TEOPUH BepPOATHOCTeIT,
MCXONAIMe U3 2Toil OOINeif TOUKM BPEeHHUSA, yiKe HMEITCs,
U BeCh KPYT Meil, H3IaraeMbIxX 31€Ch, yiKe ycumen opuobpe-
CTH H3BECTHYI0O HONYAAPHOCTD B Y3KOM KPYIY CHELHAJIM-
CTOB; OJHAKO OTCYTCTBOBAJO WOJHOE H CBOGOTHOE OT
U3JIHITHAX yCJIOKIeHUE W3M0KeHne Beell cmeremunr (moj-
FOTOBJAACICA, BUpoTeM, Kk medatu kuura Opeme, oM.
Fréchet [2]).

I xoten 6m1 eme yrazaTs 3[1eCh Ha Te MeCTa B JalibHefi-
IEM H3JI0KEHHH, KOTODHIE BBIXOJAT 32 Hpejetsl YIoMs-
HYTOTO BBULIE KPYra HAeHd, yiKke [0CTaTOYHO 3HAKOMOLy



6 IIPEINCJIOBUE K NEPBOMY H3JIAHVIO

B O0mMUX Yeprax CHeEMaJMCTaM. JTH MecTa clefyiomue:
pacnpefeIenusi BePOoATHOCTe B §eCKOHETHOMEpPHRX HPO-
crpaHerBax (riaBa rtpersst, § 4), muddepennuposaie u
IIITErPHPOBAHHE MATeMATHYCCKUX OMIIAHUA MO HapaMeT-
py (rnaBa wersepras, § 5) m 0cofeHHO TeopHmA YCAOBHHX
BCPOATHOCTEH H MaTeMaTHYeCKIX O/RIIanmil (raasa nsavast).
Ciemyer mpm oTOM OTMETHTL, YTO BCE HTH HOBbIE HOHATIS
1 mpoGiessl ¢ HeoOXOMUMOCTBIO BOBHHEAIOT HPH PAaCcCiioT-
PCHHHE BIOJMHEe KOHKDETHBIX (E3IYECKHX 3amad 1),

IMecras raaBa comepsmur o630p OTHENBHHIX peay.iLTa-
re A. fI. Xununna m aBTopa, KACAIOMUXCH YCAGBHH mpii-
MEHHUMOCTH HPOCTOTO W YCHACHIOT) 3aK0HA GOALUINX Yii-
cel. B cpoucke nuTepaTypsl HPUBENERN HEKOTOPHE Ho-
spie paboTel, TPENCTABIAOIME HHTEPEC C TOUKH BPEHI
BOIPOCOB 0GOCHORAIMSA TEOPHH BepOATHGCTeIN.

Hprwomy crow ceppeanyw 6naromapuocts A. . Xun-
SOHY, BHHMATeNBHO IPOUNTABIAMY BCIO PYRCHOIChL I
DPeNACHEBINEMY UCHNIT paj yiydimensii.

Kasaspma 61z Moensu, A. Koaxozoroes
1 mas 1933 r.

') Cp., nanpuuep, DUINPOBAHNYIO B ¢cHOCKe 1) K cTp. 69 paboty
M. A, Jleouropnua u aeropa, a Taxske M. Leontowitsece h,
Zur Statistik der kontinuierlichen Systeme und des zeitlichen Ver-
jaufes der physikalischen Vorgiinge, Physik Zeilsclr., d. Sowjet-
union, T. 3, 1933, ¢rp. 35—63,



TIPEJUC/JIOBUE KO BTOPOMY WU3JMAHNIIO

C mepBOTO HEMEIKOTO H3AHUA JTOH KHWKKH HPOIII0
copox JeT. bulio pemmeHo, TeM He MeHee, He NOJIBEPraTh ee
cymecTsenniofr mepepaborre. A. H. llupsaesnMm m wmuomo
BHeCEeIbl HeGOJBUINE YCOBEPUICHCTBOBANNA MN3JI0:ReHUA.
MonmeprnsupoBans Hewroropsie obGosHauenma. [as mexo-
Topux TeopeMm § 3 — O raasm VI mamml moxasaTenncTea,
orpegaktapoBanusie A. H. Ilupsessim mo mMomm paboram
1925—1930 ropos. B compemenmbix yueSHuUKAX 5TH Teo-
peMnl o0LIIHO JORA3HBATICA € HOMONBI0 amiapaTa Xa-
paktepuerTaiecknx ¢yuxmouii. Mou nepsomauvannmee po-
Ka3aTeJbCTBA OPAMBIMHA, BJIEMEHTAPHBIMA CPEHCTBAMH, MO-
eT OHTh, COXPAHAIOT HEKOTOPHIM MHTEpec.

Haxtegennsie 8 § 2 mepBoii ry1aBs B3TAAAL HA Ty TH 06oC-
HOBANHNA HPUMEHHMOCTH aKCHOMATHYECKOH TOOPHH BEpo T~
HOCTEHl K peaJbHHIM 3ajadaM OBUIE DPasBUTH MEOK HOI-
pobuo B [1]. Ho u 3;1ech ocTapanuch HeBHICHEHHHMA IPH-
9HHEL TOTO, IOYEMY MBL TAK YacTO BCTPETaeMCs Ha IPakTHKe
¢ ycToitunmsocTsio yactor. HoBblit moaxom K aToMy BOmpocy
Ger1 muowo Hamedert B [2] w [3] (em. ramme [4]):

(1] Monorpagus «MaremaTnKka, ee cofep:xamme, Me-
Torbi 1 sHaueuue», usy. AH CCCP 1956, raasa XI.

2l AAH Hoamoropos, Tpn mogxona k ompe-
FEeNeHIno HOUATHA (KOMMIecTBO MHPopMamum, [Ipobaemn
mepenadu nagopranuu, 1. I, srm. 1 (1965).

Bl A.H. Koamoropos, K xormueckum ocro-
BaMm Teopuu UuQopMANUE U Teopuu Bepoarnocrel, [Ipodae-
Mol mepenadn wHbopMamui, 1. V, Boir. 3 (1969).

4] A.K.3Bounxnmnu ulJl. A.Jl esuu, CioRuocTs
KOHEUYHHX 00peKToB H oJoCHOBamHEe TeopHH NHGOPMALUA
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T CAYYaiiHOCTH ¢ TOMOIIBI0 TEOPHH AJATOPHTMOB, ¥YecIexn
MaTeMaTHIeCKUX mayk, Tom 25, BHI. 6 (1970).

OTMmeuy cHeumasbio Té BONPOCH, IO KOTOPHLIM UHTa-
TCMIO  cjefiyeT o0co0entno HACTOATEABHO PEeKOMCHAOBATE
COTOCTABJICHNE H3JIOMKENN, NaWHOTO B 9Toil HUHIKKe,
¢ Goxee cospemenumni,

1. B § 1 rmasut V mano ompegesenne ycaoBnoii Bepo-
ataoetn P (A4 | E), rne & — cayuaiiuuil 9JeMeHT 1meKoTo-
poro muo:xecrea X, T.e. oro0pakenme Q b X. C arum
oTOGpaskeNNeM MOMIHO CBs3aTh aarebpy F:C F meex
NpEHAfJIEKAMUX F ITOAHBX TPooGpPasoB HOAMIIONKCCTB
mnomectra X. Tenmeps mpepmoumrawT cHauaaa ompene-
JATL YCJAOBHBIE BePOATHOCTH L0 OTHOIIEHNIO K J1060it 6-HoA-
anrebpe ¥' ¢S F u 3aTeM CUMTATH, 9TO

3
P(A[E) =P(A]F).
2. Pesyanrarst § 4 raasu 111 mupoxo ymorpe6asores,
110 He NA10T HemoCPefCTBeHHO MPHEMIEMBIX pacnpeseaenni

B AMEMUX DeanbHblil muTepec QYHKIUONATLHEX Tpo-
crpaneTBax (cM. o6 sToM Ha cTp. 40).

17 mexaGpa 1973 r. A. Koamozopos



I. 3JIEMEHTAPHAA TEOPIA BEPOATHOCTEN

Mu naswpaem saemenmaphoili meopueii eeposmuocmeri
Ty 9YacTk TEOPHMH BEePOATHOCTEH, B KOTOPOH DPHXOTUTCA
HMeTh 170 ¢ BePOATHOCTAMH JHIb KOHEYHOTO YHCIa ¢o-
Owirmii. Teopemsl, koTopunie spmech BEIBOAATCS, €CTECTBEHHO
NPHMEHRATOTCH Takike H K BOIIPOCAM, CBA3AHHLIM ¢ 6eCKOo-
HETHHM THCAOM CHAYIaftHBIX COOHITHIT, OffHaKo IpH M3yde-
HHH 9THX NOCAeHUX NPHAMEHAIOTCH TaK:Ke CYMECTeHHO
ponwie npuunune. Ilosronmy enmHcTBeHHas akcuoma MaTe-
MaTHIECKOl TeOpHH BEpOATHOCTEH, OTHOCAMANCA HMCHHO
K c1ydaio GECKOHEUHOTo WiCHa CIHYTAfHHX COOHTIH, BRO-
AWUTCA NHIE B HaYaJe BTOpo#l riaBm (akcmoma V).

Teopns peposaTHOCTeH Kak MaTeMaTMUeCKas IUCIHILIH-
Aa MOKeT H JOJKHA GHTL aKCHOMaTHRUPOBAIA COBEPHICH-
0 B TOM jK€ CMBICJIe, RaK TeoMeTpHA Wil airedbpa. ITo o-
DavaeT, 4TO, MOCXHE TOT0 KaK HAHL HAa3BAHHA M3YIAEMBIM
06bCKTaM H MX OCHOBIGLIM OTHOHIEHHAM, & TAKIHE aKCHOMH,
KOTOPHIM 9TH OTHOINEHHA JO0/KHK HOTIHHATHLCH, BCE TAJb-
Heilmee M3105KeHne JOMKHO OCHOBHBATHCS MCRIIOUATEN b
HO Jiniib HAa 9THX aKCHOMAX, He OmupadAch Ha 0GLYHOE
KOHKpEeTHoe 3HadedHe 3THNX O00LEKTOB M MX OTHOIHCHIHIL.

Coornerctrenno stomy B § 1 OIIpefeNnsieTCA YOHATHE
1048 6€pOAMMOCMET KAK CHCTEeME MHOKECTB, VIOBIETEO-
PAIOMIEH OHPE/IeJCHHLIM YCT0BHAM. UTo IpexeTaBiIsior co-
Goii aleMCHTH HTHX MHOKECTB, COBEPIIENHO Ge3pasimdmno
AJIA 9ACTO MaTeMaTHYECKOTO PAsBHTHS TEOPHH BEPOATHO-
creii (cp. BBefeHUe OCHOBHBIX reoMeTpUYECKAX MOHATHI
B «OcmoBax reomerpmmy I'mapfepra mam ompejeseHme
Tpynu, KoJer ¥ Ted B abcTpakTHOR adre6pe).

Beskan axcmomatmueckas (aGcTpakTHas) Teopus fo-
nyCcKaeT, KaK M3BECTHO, 0eCKOHEYHOE UMCI0 KOHKDETHHIX
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naTeprperanni., Taknm o6pasoM B maTemaTnmaeckas Teo-
PAST BEPOATHOCTEH JNomyckaeT HapAmAy ¢ TeMHm HHTepIpe-
TRUMAMT, U3 KOTOPHX OHA BOJHAKIA, Tak:ke MHOTO APY-
rux. Tax, MBI DPHXOHM K OPUIOKEHUAM MATEMATIICCKOMH
TEOPUH BEPOATHOCTOH K TAKIM 00JaCTAM HayKH, KOTOPHE
He UMEIOT OTHOWICHHS K TOUATIAM CAYYasd H BePOATHOCTI
B CODCTBEHHOM CMBICIE HTOTO CIOBA.

ARcHoMaTH3AMN TEOpUll BEPOATHOCTeH MOKeT OHTh
OPOREACHA DPAa3JUYHLIMI ciocofaMH KaK B  OTHONIEHIHH
spifopa arcmoM, Tak W BHOOPA OCHOBNHX WOHATHH U
OCHOBHHIX c¢ooTnomenuil. Ecam wnpecieposaTs nmedas Boa-
MOJKHOM TPOCTOTH KAK CAMOH CHCTEMBI AKCIIOM, TAH i
TOCTPOCHNA W3 Iee NajbHelime TeopHHA, TO MPEACTaBIACT-
¢ Haubosee niesecoo0pasisIM aKCHOMATABHPOBANIE HOL5I-
TR C1y9aifIoro coGHTHA N eTo BepOATHOCTH. CymecrByior
TaKRe JPYTue CHCTEMbl aKCHOMATHYECKOTO TOCTPOCHHA
TeOpUH DePOATHOCTEH, a HMMEHHO TAKHE, B KOTOPHX HODs-
THE BEDOATHOCTH HE OTHOCHTCS K UYNCAY OCHOBHBHIX IOHA-
THil, & caM0 BHIPaJRAETCs 4epes APYIHe MOUATHS . pu
BTOM CTPEMATCHA, OfHAKO, K APYroH Heim, a WNMeHHO,
00 BO3BMOIKHOCTH K Hambojiee TECHOMY CMLIKAHHID MATOMa-
THYECKOW TEOPHH ¢ OMOMPHYECKHAM BO3TIUKHOBEHUEM MO sI-
THSA BEPOMTHOCTH.

§ 1. Arcnovisr ?)

Iycte Q — wmuO/eCTBO dNeMEHTOB ®, KOTOPLIE Mt
OyAeM HABBIBATE SMeMEHMAPHHMIL COOINUAMIL, & F — MHO-
MRECTRO TOAMHOIRECTB 3 L. IeMeNTH MHOMecTBA § Oymem
HABBBATD CAYUAUHBML COOBIMUAML (HATT TTPOCTO — OO~
muanu), a £ — npocmparncmeon saesenmapnnz cobumMuL.

I. § seanemea aszedpoii MHoNcecme ®).

!y Cp., manpumep, R. von Mises{i] un [2luC. H.Bepnm-
reiftn [1].

%) Hwmrarenn, meaalommuil cpagy e IPIAaTh KOHKPOTHHIH CMLICH
HIGRCCJIEAYIOIINM aKcHOMaM, [OIMKeH HavyaTh QuTats § 2.

3) CucreMa & HOAMHOMECTB MHOMecTRa HA3EIBASTCA a.are6-
potl, ecnu Q & F, coepumenme, nepecedenne 1 PA3HOCTD ABYX MHO-
HECTB CUCTCMB ONATH HPHHALIEKAT 9TOIl cuerese. Myl 0603HATacM
lepeceucnne MaoiectTs A U B uepes A (| B unn AB, nux coeuuende



§ 1. AKCHOMBI it

. Rasdony muomecmey A us § nocmasaerno ¢ coom-
éememeiie neompuyameanlioe delicmsumenvioe wucao P (A).
IMmo uucao nasveaemes eepoammocmuio cobminug A.

HI.P(Q) =1

V. Ecav A4 u B ne Nepeceraomcest, mo

P(4 + B) =P (4) + P (B

Conoxynnects o6nertor (£, ¥, P), VAOBIETBOPAWILYIO
arcrmomaM [—IV, GypeM HasmBsath #20.te3 8e NG A MLHO-
cmett,

Hama cuereva axemom I—1V HeRpomueopeuea. Jro
HORABLIBACT CHLAYIOMuL IPHMED: £ COCTOUT U3 eauHCTBeH-
HOTO DIEMEHTA @, § — us I HMycToro MHOKECTBA o,
upu arToM moaoskeno P (Q) = 1, P(¢)) = 0,

Hama cmcrema ancnon, ofnmaxo, e snmsieres nosnoi:
D PasHHEX BOIPOCAX TEOPHN BEPOATHOCTEl paceMaTpUBaioT-
CA PABAMMIRE UO0JA BOPOATHOCTEIL.

Ipocreiimue noas sepoarmocreit CTPOATCA CHAERYVIOMMIM
oGpasom. Depyres IpoH3BONBHOE KOHEWTHOE MIOMECTBO
Q = {0, ..., @)} U TPOUBBOIBHOE MHOKECTEO {P1s ooy D1}
HEOTPHUATENBHLIX TUCEN C CYMMOIO Py . .. -4 pp = 1
3a § TPHEEMAETCH COBOKYIHOCTE BEEX MOMMHOIKECTs A 113
Qumisd ={o,, ..., 0, moxaraercs P (4) = p;, 4+ ...
-+« -FDi,. B atom cnywae rosopar, wro py, . . ., DPr CyTh
BEPOATHOCTA  ONEMEHTAPHBIX  COOHTHIL @y, ..., ©, uIH
IPoCTOo asemenmapnue eeposmmocmuy. Tax moaydapoTes pee
BOIMOIRHL KOKCUKLE HOGIST BEPOATHOCTCH, B KOTOpHX &
COCTONT 13 COBOKYMHOCTH BCEX IOAMHOKECTB w3 £ (npm
ATOM 110J1€ BEPOSATHOCTEeH HABHIBAIOT KOHEYHBIM, €CJH MIIO-
mecTeo Q xomeuno). llo momoxy pmanbucimmx npHMepos
eMm. ra. II, § 3.

— uepe3 AJB, pasmocrs — uepes 4 \_B. Hononanreavroe Muome-
CTBO Q \ 4 K MuoeeTsy A 0Gosnadaen A. UYepes (§ ofoamagaercs
nycroe muomecTBo. Eciau MBomectBa 4 uw B He nepeceKanTCy
(AB= (), To mx coenumente 4 || B 6yjier 0603maIaThCH TAIUKE qepes
4 - B u BasHBaTbcH CYMMOIl, MuoskecTRa 13 & 6yneM B galbrei-
meM ¢003HAUATh GONLIIMME  JATHHCKHMU Oyxsanm. Cp. A, H.
Hoamoropon, C.B.®owmu H, JIeMCHTH TeOpuH GymKIUiil
B QYyHKUHOHANLLUOTO auanusa, Hsu-po «Hayxa», M., 1968,
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§ 2. OTHourenie K JAHHBIM OubITA ')

[T pumenetne Teopul BeposSTHOCTEH K ZeHCTBHTENHHOMY
MHPY ONBITA HMPOICXOMUT IO CAEAYIOMIEH cxeMe.

1. IlpenmonaraoT TaHEHM HeKoTOpbid roymiexe S ye-
TMOBYH, JOOYCKAONI HeorpafHdeHNoe THCI0 JOBTOPEHUIT,

2. Nsygaior ompepenennulii Kpyr coOBLITHH, KOTOPHIS
MOTYT HACTyOATh B Pe3ylabTate oCymecTBienns yeaosmi &,
B orgennmbix cnygasx ati coGulTHsA MOTYT HaCTYIATh HIN
HE HACTYHATH B PAasHBX KeibuHanmax. B mmokectBo {)
BRJIIOTAIOTCS BCE BO3MO/KHBIE BAPHAHTLL UOABJACHHHA uid
NBIMOABJCHIN PaccMaTPUBAEMbIX COOHITHIA.

3. Ecam nocae peammsaumu yeixosuil & ocymecrsue-
nmiics Ha ODpaKTHKE BAPUAHT OKAMKETCH NPHHAIJIE;KANIM
K (ompeje/NeHHOMY KAaKUMH-AH00 YCIOBMAMH) MHOMECT-
8y 4, T0 roBOPAT, UTO HaCTymuIo cobwtme A.

IT pusme p. Homnnexe yenopuit & 3axnouaercss B T0M,
aro OpocaloT fBa pasa MoHery. Hpyr coburtuit, 0 KoTOpOM
LIa Pedb B I. 2, COCTOUT B TOM, YTO IPH KAyKIOM Opocauns
MOTYT HOABUTHCA pelneTka wiam Tepb. Oreona caegyer, d9ro
BCEro BO3MOKHO YeTHpe pa3iudHblX BapHanta (ajieMen-
TAPHLIX COOBITHA), MMEHHO: pelieTHAa — DeuleTKa, peuier-
Ka — repd, repb — pemerra, repdb — rep6. B rauecTse
coBpITHA A paceMaTpMBAETCSI (IOBTOPEHUE». ITO COGLITHR
COCTOMT M3 CYMMBl HepPBOTO H UeTBePTOrO BJIEMEHTADHBIX
cobntuit. Taxus o6pasom, MomHO Kamkgoe cobntue pac-
cMATPHUBATh KAK MHOKECTBO 3IEMEHTADPHLIX COOBITH.

4. Ilpm maBecTHHIX YCA0BUAX, B KOTOPHE MK 3jech He
Oynem rmyGsre BOABATHCS, MOYKHO TPEIIONOHRUTE, 9TO He-

1) Yurareab, xorTopeil HHTepecyeTCHs NWMBL TMCTO MATOMATH-
9OCKUM PA3BUTHEM TEOPHI, MOKET 9TOT Haparpad He YUTaTh — Aajdb-
Helillee M37T0/eHNe OCHOBKBACTCA HAa AKcHOMax § 1 H He NCHONB3YeT
paccysimennil oyoro maparpada. B mem Msl OrpanHYAMCs JilNIb HPO-
CTHIM yKAa3aHueM Ha OMIIMPUYCCKROe BOBHHRHOBOHIC AKCHOM TEOPHU
BePOATHOCTEIl I COBHATCNBHO OCTABJAASM B CTOPOHE IIyOoKHe (UIs-
CO{CRUe UBEICKARIA 0 HOHATHY BePOSITHOCTIL B MIpe onuTa, B maso-
JReHHT HeoOXO{MMbIX TPeATIOCHIIOR s HPIIIOMKHUMOCTH TeOPHH Bo-
peATHOCTeH K MEDY ACHCTBUTENLHBX cOGEITHI aBTOD B 3HAYHTCAbHOM
Mepe caefyeT BeiBojiam Museca, B vactHoctH ¢p. R. vonMises
[1], erp. 21—27, naparpad «Das Verhiillnis der Theorie zur Erfah-
rungswelts,



§ 2. OTHOINEHHNE K HNAHHIBIM OHDLITA 13

KOTOPHIM COOHTHAM A, KOTOPHe MOFYT HACTYHMTH WM
jke He HACTYINTh Iocie ocyuhlecTRicumnsa yexosuii S, mo-
CTaBJIEHEl B COOTBETCTBHE CLeJlesieRHble JTeHCTBUTCIbHEIE
aucaa P (A4), ofnagawomume CcAeiyoIMuMI  CBOHCTRAMM:
A. Moo mpaxkTUgecKH OHITH YBepeHHEIM, 9T0 eCJi
Kommieke yesdopuil & 6ymer mosTopen 6oJbBIIOE YHCAO 1

pas I ecau mpH 9TOM Tepes m 0603HAYEHO YMCIO CAYUaED,
IpH KOTOPHX cobuiTHe A HACTYNHJIO, TO OTHOINEHHE ’—";-
Oyzmer maxo ormmuarbes ot P (A4).

B. Ecnu P (4) owens Mato, To MOKHO HTpaKTHYECKH
6LITH yBepeHnbIM, UTO OPH OAHOKPATHON peaTmsamuu yc-
aopuil & cobmrue A me GymeT WMeTh MecTa.

dmnupurecras dedyryus arcuor. OGLUHO MOKHO TpeEs-
mojnarath, 4TO CHCTeMa J paccMaTPHBAEMEIX COOHITHI
A, B, C, ..., KOTODHM OPUIICAHE ONpE/eieHALe Bepo-
ATHOCTH, 00pasyeT anreGpy MHOKECTB, COAEP/RAIMYIO B
Kavecrse dleMeHTa MHOKecTBO £2 (akcnona I, a Tanske mep-
Basi 9acTh axcmomsl LI — cymecrsoBanue BepoaTmocrteit).

n
Hanee sicno, aro 0 < —- <X 1, Tax uro BTOpas wacrs axcn-

omsl II oxasuBaercs Bmonne ecrecrsenmoit. JIist coburms
(2 Bcerga m = n, GrarojiapsA 9eMy ecTeCTBEHIO HOJO;KATH
P(Q) =1 (akcuoma I1I). Ecau, wparomen, A u B BecoBMe-
CTHEL MexAy coboii (. e. mHOmectBa A um B me mepece-
KawTes), To m = my + m,y, THe m, m,, m, 0603HaTAIOT
COOTBETCTBEHHO YHCJIO ONKITOB, B KOTOPHX HPOHCXOMAT
cobmrua A4 -+ B, A, B. Otcioma cnegyer:

m mi 1 Hig

n  n ' m

CJIO,IIOB&TQJILHO, ABJAACTCA YMECTHBLIM NOJOKUTH

P(A -+ B) =P (A4) + P (B) (axcuoma 1V),

IHpumewsanue I. I3 npaxkruseckoii mocroBepmHo-
CTU JBYX YTBEP:KENMi CJefyeT NPaKTHIECKas J0CTOBep-
HOCTB yTBepslenua 00 X oJHOBPeMenHoil TPaBUIBHOCTH,
XOTA CTeleHb JOCTOBEPHOCTH NMPH 3TOM HECKOTBKO MOHH-
sraercs. Ecan, ofHako, 9nclo yTBepsKACHUI 0Uelib BEIRKO,
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TO M3 TPAKTHUECKOH HOCTOBEPHOCTH KajRAOTO OTHEND-
HOTO M3 ®THX YTBep;eHdil BOOOME HeTL3A BHBECTH
HEKARHX BaKII0YeHNH OTHOCHTEIbHO OJHOBpEMeHHOH mpa-
BANLHOCTH BeceX »1uX yrpeprgennil. Ioatomy m3 mpun-
nona A nukronM o6pasoM 1e cIefyeT, 4To mpi oIenn 6oiib-
LIOM 9HCJ@ Cepiiil Mo 72 HCUHTAHNA B xaxdoldl cepun 0THO-

n
WeHHEe — GyneT mago oramuarncd ot P (A4).

IMIpumeuanue [I. Hesosyommony coburuio (my-
CTOMY MHORECTBY (7}) COOTRETCTEYET B CUJIY HAIIHX anci-
oM BepoaTHocTh P (F) = 01), B To Bpema rax, Haobopor,
13 P(4) = 0 me caegyer eme HeBO3MOKIGCTH COOHTHS
A; cornacmo mpuHmuny B ms obpamenns BepoATHOCTH
B OYJL ¢AedyeT TOAbKo, 4T0 OPH OAHOKPaTHOH peaausariui
yesosnit & cobbitme A NpakTHIECKH HEBOBMOKHO. ITO,
0fHAROo, HE 03HAYAeT, 4TO NPH JOCTATOUNO JJIHHHOM DHANC
uenuitagnit cobsitme A Tawke me mactymmT. CoraacHo
DpEHONTY A MOMIO JAMb YTBEP/KAaTh, 9To npm P (A) =

n
= 0 # GoJpIioM 1 OTHOIUEHHE - Oymer mano.

§ 3. Tepunnonornyecrne 3aMeyanus

Mut ompesequin 00HeKTH Hallero jajlbHEHAIero may-
qenus — CAydaiiHee coGhITHA — Kax MHosKecTBa. Mmo-
r'He TEoPETHKO-MHOKECTReHHbIe HOHATHA 0003HaYAI0TCH,
OOHAKO, B Teopuu BepoaTHocTedl Apyrumu mveHamm. Mul
OpuBejeM 3flech KPATKU{l YKazaTeldb TAKHX IOIMATHE.

B meopuu muoxcecms Han cayuaiinez cobumulii
1. A u B me nepecexaor- 1. Cobwrun A m B wue-
ca, T. e. AB = (. COBMECTHEL.
2. AB...N ={. 2. Cobmruna 4, B,..., N
HECOBMECTITHL.
3. AB...N = X. 3. CoGuiTue X saangacTt-

cs B OJIIOBDeMETHON peanu-
sammy Beex coduituit 4, B,...
v N,

L Cp. § 4, ¢opmyaa (3).



§ 4 HEDNOCPEJICTBEHHLIE CIEIOCTBHS H3 AKCHOM 13

4. AJBl ... UN=X. 4. CofmiTe X 3arniouaer-
cf B HACTYILICHHH II0 Kpaii-
Helf Mepe ofHOrO 13 CoOGLI-
tuit A, B, ..., N.

5. Homonnnrtensnoe MHO- 5. IHporusonoicikuce co-
IRCCTBO A Gmrie 4, cocTosmee B He-
Hacryniensm cobmrng A.

6. 4 = . 6. A HesosomHO.

7. 4 = Q. 7. A momwmHO HeclXONE-

MO HACTYDHTE,

8. Crncrema o nmoskecTn 8. Henwmanue 9 zarnio-
Ay, A,y ..., A, ofpasyer WaeTCs B TOM, UTO YCTaMAB-
pasaoxcenue MHOEeCTBA (),  JIBaIOT, KaKkoe H3 COOBITHI
ecn A, +A4,+ ... A, 4, ... A, mponcxo-

v+ Ay, = Q0 (B10 yie  ant; A, A, ..., A, na-
OpennoJaraer, 4910 MHOMe- BSHBAIOTCA TP DTOM BO3-
cTBa A; HOHDapHO IIe Hepe- MORHBIMI HCXOTAMIL HCIbi-

CeKaloTes.) raunsa .
9. B amasercs monuHo- 9. H3  ocymecTonennsa
wecTBoM A 1 B C A, cobmitust B ¢ meofxonmu-

MOCTBIO CHELYeT OCyInecT-
Baenie A.

§ 4. Henocpercrrennere clezeTsua B3 AKCHOM,
YCIIOBHEIE BCROATHOCTH, TeopeMma balieca

Ms A + A = Qu axcuon HI u IV caegyer, aro

P(4) 4 P (4) = 1, (1)
P (1) =1—P(4). 2)
Tar xak Q@ = (', T0, B HaCTHOCTH,

P(7) = 0. (3
Ecmn A, B, ..., N HecopMecTHH, TO U3 aKcHOMBI 1V

crenyer ¢opmyia ,
PA+ B+ ...+ N)=PA)+PWB)+...--P (V)
(4)

(mecpema caomenua).
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Ecan P (4) > 0, to wactHoe
P(AB
P (Bl A) = P((A)) (5)

HASHBAIOT YCA08HOU éeposmHocmbio codnitua B npm ycio-
Bun A.
N3 (5) HenocpemcTBeHHO caefyer, 4ro

P(AB) =P (B| 4)-P (4). (6)

3axiIouerne mo HHAYKIUA [JaeT o0myimo dopmyny

P (A1A2 e An) =P (Al) P (4, | Ax) P (Aa | A,4,) ...
v PAa Ay A, (T)

(meopema ymmoscenus).
Jlerro mokassiBatoTes Tamue caegyiomue GopMynn

P(B14)>0, (8)

P(R14) =1, (9)
P(B+ClA)=P(B{A)-+P(C1A). (10)
CpasnuBasg gopmyast (8) m (10) ¢ axcmomamu 1I—IV,
HoJyTaeM, 9TO CHCTEMa MHOKECTB §F BamecTe ¢ (PyHKUHe
muoxecTB P (B | A) (upu saxpemnentom mmoskectne A) o6-
pasyer mone BepositHocTedl. CremoBarenbuno, Bce Jokasar-
nye Oas eepoamuocmet; P (B) obwue meopemwr cnpasedai-

svi Oas yeaosnuxr eeposmuocmeti P (B | A) (npu Puncupo-
sanrom cobmmuu A). Jlerro Taxyke 3aMeTUTh, 9TO

P(414) =1. (11)
Nz (6) u u3 anamormamoli Qopmy.asl
P(AB) = P(A4 | B)P(B)
nofAydaeM BayKHYID QopMyay

P4]8) = ZATEID (12

cofepsKamyio, cobcrBeHHo, meopemy bLalieca.



§ 5. HESABHCHUMOCTDL 1.

Teopema (o monnoit BeposTrocra). ITyemv A, +
+ A, ...+ A, =Q u B — npousgoavroe cobumue.
Toeda

P(B)=P(A4)P(B |4y +P(4)P(B[4y)+ ...
.+ P(4,) P(B [ 4,). (13)
Horasartensncrtso. [Hockonery
B =A4,B+...+4,B,
T0, corJaacito {4),
PB)=P(4B)-+...+P4,B)
cormacuo (6) mpm oTOM MMeeT MECTO PABEHCTBO
P(4;B) =P (4,)P(B |4y

Teopema (baiteca). Iyems A+ 4,4 ...
44, = Q, a B — npoussoavhoe cobwmue, mozda
P(A,)P(B|A)

PILLB) = sayr@Tay + P (A P (BT Ay

(14)

Horasareanctso. Cormacio dopmyae (12)
B (AR P(A)P (B A4)
(4;] B) = —PrB

Ilna monydvennsa gopumyian (14) ocraercs TOAbKO 3ame-
uuTL sepoatuocTh P (B) ee popaskenumesm (13) mo Teopeme
0 [OJIHOH BEPOSITHOCTH.

(CobBrirua Ay, A4,, ..., A, 9acTO Ha3hIBAIOT (TUNOTe-
3aMU» 1 ropopar, aro ¢gopmyaa (14) maer BepoATHOCTH
P (A; | B) rmmotesw A; nocie HacTymwienusa cobutus B,
P (4;) o3madaeT mpH 9TOM AaNpPUOPHYIO BEpPOATHOCTH A;.)

§ 5. Hesasucumocts

Mousatue Hesasucumocmy ABYX MIA  HECKOJIBRUX
OILITOB 3aHUMaeT B H3BECTHOM CMBICJIe IeHTPAaJbHOe
Mecto B TeopuH BeposaTaocTefl. B camonm pene, ME yixe
BH/ENH, 4YTO TEOPWI0 BePOATHOCTEH ¢ MaTeMaTHYECKOH
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TOUKH BDCHASA MOMKHO DPacCMaTPUBATh KaK CHENUANDLIIOe
fpliMeHeHne o0me# TeopUH afgHTHBHLIX QyHRIUE MHO-
secrs. EcrecTBeHHo 3agaTh BOIPOC, KaKmM ke obpasom
Teopius BepoATHOCTEH pasBHIacs B Goabmiyo, o6xamaro-
VIO CBOUMI COGCTBeHMHEIMA MeTOoaMn CAMOCTOATENBITY
EayRy?

Laa orsera ma stor Bompoc CIeLyeT yKazaTh Ha Ty
CLELUT2 THBANNIO, KOTOPYIO HOJNYYaioT B TCOPHIH BepOSATHO-
creil obmue mpoGuemb!, Kacaomprecs aNITHBHEX (YK~
unit MHOKeCTS.

To obcrosrenverso, wro mama angurnsmasg bynrung
mnosrects P = P (.) meorpumarensma u VAOBIETROPSIET
veaopuo P () = 1, me ofycaosnmpaer eme coGoii Bos-
HUKHOBEHHA HOBHX Iiybokux npo6iesr. Cayuaiinsle pean-
unHBL (Cp. TPETHI0 TIABY) C MATEMATHIECKON TOUKI 3penus
LpeNCTAaBAAIOT CO60H He UTo MIIoe, KAk M3MepPH MELe (oTHocH-
TeAPHO ¥ ) QYHKROHH, a IX MaTcMATHIeCKHe ORETAHLA AB-
AAOTCA aOCTPAKTHEIMU WHTerparzamu JleGera. Dra amaio-
Tug OBIa BUHEPBHE HONHOCTHIO PasbBACHCHA B paborax
®pemre '). Bsemenne ymoMaHyTHX moHATHH He MOSKET,
C/ICI0BATENBII0, eMe OCTABATD HHKAKOTO 6asuca [if pas-
BUTHT GONBIION OpUITMHATBHOM TCOPUIL.

Mcropmyeckn Hesabmemmocts memmrraumii m caygai-
HEIX BOJHUNH SBHJIACH TeM MaTeMaTHYeCKHM NOHATHEM,
KOTOpOC DmpUAAL0 TEOPHH BEPOATHOCTEH CBOeoGpasHbI
oTnevaTok. Hiaccmaeckue paGorst Jlannaca, Iyaccoma,
Yebmmesa, Maprosa, Jlsmynosa, Museca m Bepmmreiina
ReHCTBUTENLHO HOCBAMEHH B 0CHOBHOM H3Y9eHHI0 PAJOR
HEIBBUCHMBIX CHYYafiHBIX BeJuvwH. Ecauw B HOBeHmnx
uccaeposanuax (Mapros, Beprmreiin n Ap.) YacTo OTHa-
SBIBAIOTCSA OT NPEANONI0KeHHA HONHON HEe3aBHCHMOCTH, TO
ORAJLIBAIOTCA NPHHYKNEHHBIMH I8 HOJAYYeHHS JOCTa-
TOYHO COJIEPIKATENBHEIX DE3YILTATOB BBECTH AaHANOTHU-
HEe ocnabieHHble TpPemoIoskenus (cp. B or0it THABE § 6,
o nensx Mapkosa). Mu npmxonm, CISIOBATEABHC, K TO-
MY, 9T00H B NONATHH HE3ABIHCHMOCTH BUEETH 110 Kpaiineii
Mepe IePRHIl 3aPOABIN CBeCOBpa3HOM npobaeMaTHKu Teo-
PHIL BEPOATHOCTEH — 06CTOATCIBCTRO, KOTOpoe B 3ToH

Cp. Fréchet {t] u {2].



§ 5. HE3ABHCHMOCTH 1

Kupre OyHeT Majio BHIEJATHCA, TAK K&K B Hell Mbl 3ami-
Maerea TAABHBIM 00pa3oM TOALKO JOTHIECKOH HOAFOTOL-
KON K COOCTBEHHO TeoPETHKO-BEPOSATHOCTHEIM HCCICI0D -
HUSAM.

CooTBETCTBENHO 9TOMY OJHOH H3 BaskHe#mHX 3agat
¢unocodu ecTECTBEHHBIX HAYK, HOCTE PasbACHCHUA Mpe-
CJOBYTOr0 BOMPOCA O CYIIOCTH CAMOTO HOHATHS BEPOST-
HOCTH, SBJIAITCA BHSICHOHUS T YTOUHEHIEe TOX IpemocLi-
7TOK, TPU KOTOPHIX MOMKHC Kakue-nubo mammpie gelfctau-
TeJbIbie ABJAGHIA PACCMATPHBATL KAK HE3ABHCHAMBIE., JTOT
BOLPOC BHIXONHT, OJHAKO, 3& TPEIeas HaHHOil KHHTI.

IlepeiigeM K OUEpeelNeHHio He3aBICHMOCTH.

Hyers pamst n menpirammit WL, % .., A,
T. €. I pa3JIoyReHHH

Q=AY AP ...+ A ((=1,2,..,n)
OCHOBHOTO MHOKecTBa £ Ha cyMMy (HEmepeceKaroujuXcH)
coOpituit. Torma MoKHO BagaTh r = riy...r, BepoAr-
HOCTell

(¢ 2 n
p’fllfz... k'l’l = P (Afl'x)‘ql(‘fz) A Agrz) > O
BoofIme TPOM3BOJIBHO OPH EIUHCTBEHHOM YCJOBHH ')

D Prken, =1 (1)

(kg Kzveenn B)

Oupepenenne 1. Vensragua UL, AB, . AM
Gyries MASHIBATD HE3A6UCUMBIMU, ECHA [T H TIOOHX Ky, foyy . .
..., k, VIMEET MECTO PABEICTBO

PARAR ... A) = P(AD)P(AR) ... P(4D).  (2)

1y Ione BepoATHOCTCH ¢ TPOU3BOABTHIMA BePOATHOCTAMHI, YAOB-
JETBOPAIOMHUME TOJBKO YHIOMAHYTHIM YCJIOBUAM, MOKHO IOCTPOHTDH
caenyomuy 06pazoM: MHOMKeCTBO @ COCTABIAETCA H3 r JIEMOHTOR
Ok, ... &, » COOTBCTCTBYIOMAC DIIEMEATAPHLI® BePOATHOCTH Mycth Oy-

(i) PR, . -
BYT Py, ... K, m A} oupejlenAeTeA KaK MHOIKCCTBO BCEX Wy g, by
OaIA KOTOpHX ki = k.
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Cpemu r ypapHenmit (2) HMEETCH TOIBKO 7 — (ry + ...
o« ry) + (n — 1) meszasmcnuIx ).

Teopema 1. Ecau ucnwmanus AL g
c oo U nesasucumw, mo  us  mux alobsie m (m <
< n) ucnwmanut Ui, U, L, U makace  nesasu-
cumw 2).

B caywae nesapucumoctn UMEIOT, CJIEN0BATeNbHO, MECTO
PaBeHCTBa

'il iz “m) ?.1 7:2 (im)
PR ALY LA™ = P (Af) P (4f) . p (4

“m

(mpegmosaraercs, wro i, PaBIAYHEI).

Onpemenenmne II. Cobrrrusn A,, A4,, .. o A4,
HAa3BIBAIOTCA  He3q6UCUMBIMU, €CTH  PA3doKeHus (sennr-
TaHHA)

Qe=dy+ 13, k=12, ..., n

SABAAIOTCA HE3aBUCUMBIMH.

') B camom nieste, B caryuae me3aBmenmocTu MOKIIO BRIGPATH MpPO-
UBBOJLHO TOABKO 1y - ry - ... + r, BeposrHOCTEI P =p (4P,
UPHTOM Tax, 4robw coGmopammeh n yeaopmit

Zpg):l.
K

CaeposaTensno, B o6menn clyuae HMeeM r — 1 creneneii croo-
/I, & B CIy4Yac He3aBHCHUMOCTH TOJLKO e Sy — n.

%) Jlaa jorazaTexberBa pocTaTowHO YCTaHOBUTL, 4YTO M3 Hesa-
BUCHMOCTH n Pa3IOKeRH CleyeT He3aBHCHMOCTE NepBHIX n — {1 u3
Hux. JIpumen, 9to ypaBmenns (2) ynoBnersopensr. Torpa

A 4(2 (n-1)y _ (1) 4(2 N —
PUARMAE AT = SR (DD A =
kll
o (1 2 - —
=PI PRy, P (Ag:l_?) e (A) =
kn
=P(AD)P (4D) .. P (A}:;‘_ll)).
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B orom caywae ri=r,=...=r, =2, r=2"
CJICI0BATENbHO, U3 2" ypasHeHWi (2) HMeCTCH He3aBUCHMEIX
Tonbko 2" — n — 1. Jlns HesaBucmMocTH cobmTmit A,
A, ..., A, HeoGXomUMBL M JOCTATOYHH CJEAYIONIE
yeaosuda ')

P(A 4y, .- A;) = P(4)P(4y) ... P(4;), (4)
m=142,..,m1<ih<li...<ip<n

Bee amu ypasmenus mesasucumuy mexncdy co6oi.

B cayuae n = 2 monyuaem us (4) Toapko ommo (2% —
—2 — 1 =1) ycaosue [ia He3aBMCHMOCTH ABYX COGLITHIL
A, u 4,

P(4,4,) = P (4,)P(4,). (5)

Cucrema ypasHenmii (2) COCTOMT B 2TOM cJydae, KpPOMe
(D), emie u3 Tpex ypaBHeHMIl:

P (Ap‘Tz) =P (4, P (42),
P (121—1142) =P (/Il) P (A2)r
P(d,4,) = P (d,;) P (dy),
KOTODbBIe, OUeBHIHO, CAeRAYOT 3 (5) ),
Crmenyer mpu oTOM eme 3aMeTHTh, 9YTO W3 RONAPHOL

HezapmcuMoCcTE cobnituit A,, A,, ..., A,, T. €. A3 CoOT-
HOMen i

P(4:4)) =P (A4)P(4) (i+])

B ciayuae n > 2 OTHIOAb He CJeNyeT He3aBHCHMOCTh DTHX

) Cp. C.H.Bepmmreitm [1], crp. 47—57. Bupouew,
9HTATENb MOYKeT D10 CaM HPOBEPUTH Ge3 Tpyna (3AKIOUGHHE IO MH-
OyKUun), _

) P(A1dy) =P (A1) — P(Aids) = P(A)) — P(A)P (As) =

=P (A1) [1 —P(A42)] =P {41)P(12)
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cobbtuii ') (mast Hee HeoGXOMUMO BhIIONICHHE BCey pa-
peEeTB (4)).

lips BBefenBM HONATHA HE3ABHCHMOCTH ML e 0db-
80BAJHCEH YCIOBHBIME BeposaTHocYsavu. Hamreit neanio 6o
OPU 9TOM BO3MOKHO ACHCE MBIOROTH YHCTO MATEMATHe-
CKH CYMHOCTE 9TOF0 moustus. Ero mpuromenns omu-
PalOTCA, ORHAKO, IJIABHHM 00pasoM Ha CBOMCTBA HEKO-
TOPLIX YCMOBHEIX BepoarrocTell. Ecam Mur mpenmoromsma,
"TO BCE BEDPOATHOCTI NONGKUTEIbHN, TO U3 ypaBHerni (3)
caenyer, 9ro 2)

P AP AL Al —p ), ()
O6parro, n3 gopmyxn (6) caenvior 1o TEOPENe YMHOKe-
nus (Gopayra (7), § 4) gopryynu (2). Mu HMECM, clieno-
EATeIBHO, CJACIYMINYIO Teopey.

Teopenall B cayuae nosormcumesvnog 62P0SIM L0~
emell ecex Ag\f; Oaa  Hesasucusocmu  ucnumarui gy
WD, oL, WY meobrodumoe w  Gocinamouno caelyoujee
YoAogue:  YeAOBHAS  BEPOAMMOCIYL  Ucxodd A,v(fi) npu moil
eunomese, wmo nexomopeie dpyeue ucnwmarua ¥, Uiy,
oo B noaguuan onpedeaennue uczods A Al

Gip . (i
.« A;fll, pasraemen abcoaommoi eepoamrocmy P (A,i,»i’).

1} 970 HOKA3HBAETCH CHELYIOMM upocTeiM upumepom {C. H.
Beprrrreiin): mmoskectso @ cocront ua TeTHIPCX BIIEMEHTOB 3y, @y,
@3, G4, COOTHTCTBYIOLIME BNRCMEHTAPHEIC BCPOATHOCTH Py, pr, P,
Fy BCE LONSTAIOTCA PABHRIMI 1/4 11 4 == {uy, ©,}, B = {0, @},
C = [, @),

Jierko TOrga cocMHTaTh, 4TO

1
P(A)=P(B)=P(C) =,

] =
i
i
o] ==
~——
- )

P(AB) =P (BC) =P (AC) =

w

113
P(ABC):-Z#—\?).

%) Jlns poxasaTenbCTBa CHSHVET DCHOMHETD OIIPOREACHUE YCIOB-
Bell BepositROCTH (GopMyna (5), § 4) u 38MCHEITL BePOATHOCTH Lepe-
cedeHnil Ha NPOMIBEJCREA BePOSTHOCTeH 1o gopsyse (3).
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Ha ocrore dopmya (4) aHanOrnuH0 TOKA3BIBACTCH CJI6-
ayomas TeopeMa.

Teopewma IIl. Ecau ece eeposmmocmu P (A}) no-
AOHUMEADHBL, MO 048 He3aeucumocmis cobwmuti Ay, A, ...
« oy 4, Heobzodumo u docmamouro, umobs

P (Al iy Ap .y Ay) = P(A) (M

dasn awtux nonapuo pasauunnx ky ki, kyy ..., k.
B caygae n = 2 yenosus (7) coofsTes K ABYM ypaBiic-
HAAM:
P(4, | Al) =P (4,),

P(Al |4,) =P (Al)'

Jlerko yemoTpers, 4To yike OHO JHMIIb TepBOe YpaB-
neaue (8) mpencranager neoBXOIAMOE M OCTATOIHO yCI10-
Biue HesaBmcmMOoCcTH A, m A,, ecam Tomero P (4,) > 0.

(8)

§ 6. Yecaosusie BeposiTHOCTH KAk cayyaifHbie BeJHYHHbI}
neun Maprosa

Ilyere ¥ aABnasercs pasinoKeHHEM OCHOBHOTO MHO}KO-
cTBa £2,

Q=A1+A2+---+A;m

a § = E (0) — melicrButentran Qynxmas 3JIEMEHTaPHOTO
COOBITHH ©, KOTOPAsA Ha Kak10M MHOMecTBe A; mpuHAMaeT
sHaycHne ;!

n
E(0) = 2 uila, (o),
i=1
rne  [4; (0) — mEpEEKATOD MHOMecTBa A;, T. e.
Is (0) =1, ecim 0o =4; n Is (0) =0, ecnim 0 = 4.
B sTom caygae roBopsar, uTo § — cayuaiinas eeaununa,
OPUHIMAIOMAA KOHEUHOC YHCAO BHAUCHUHR Zy,...,%Tp,, H
m
= X\
ME = 2, 2P (4))

i=1
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NA3SHBAIOT Mamemamudeckum OxcudaHuerm BenuduHb L.
Teopnst ecnyuaifiHpix BeJWIUH T MX MAaTEMATHYECKHX OKH-
JnaEmE Gymer pasBurTa B TpeThell W YeTBepTOH riasax, ne
OTPABMYKBAACH IPU BTOM CAYJaliHBIMH BEJUIHHAMHA, KOTC-
pHie MOTYT IPHHUMATE TOJBKO KOHEYHOe YHCI0 PasiuybniX
3yagennii.

Onpenenenmne . Cryvailnyo peamanuny, KOTO-
pas Ha KaKIOM MHO;kecTBe A; UNpPHHEMaeT sHadenne
P (B | A;), MBI Ha30BEM YCAOGHOL 6eDOSMHOCILIO COORMMUL
B nocae dannozo ucnumarnus % n obosnaunm P (B | %) (0),
win upocro P (B | U):

m
P(B|%) = 2 P(B] 4)14,(0).

i==]

Ipa wmeomramna P u Y@ Torma | TOABKO TOTHAA
He3aBUCHMEI, KOTIA

PAP |AD) =P (4D, i=1,2,..., m,.

Ecan nass kakne-mmGo neuntanng Y0, @, Yo,
To "epes

Su(l)m(?) m(n)

MBl 0003HATHM HcopiTanne, COOTBETCTBYIOMICE Pa3josKe-

nmo mmoskectRa £ mHa mpomspenemma AL AP ... A‘i';).

Wcnuranna ‘?Nm, DI o %™ Torma m ToMBKO TOTa
1e3aBUCHMEI, KOTA

P (A | A Du® A = P (4

npn awGom Bebope k u il).
Onpepnenenune II. IocnegonaTenbrocTs memb-
Tanni

W g2 @
DI S SR

') Heo0XogumocTh 9TUX yeaoBHE ciemyer m3 Teopemer IT § 5,
a4 4YT0 OHH TaKiKe ABIAITCH A0CTATOYHBIMN, MOMKHO BaKJIYHTL Be-
NOCPeAACTBeRHO M3 TeopeMH yMHO;KenMsn (dopmyaa (7) § 4).

™o
3

§ 6. YCJIOBHBRIE BEPOATHOCTH

obpasyer yenv Maprosa, ecin npn a106wx % u i
P (Agk}l YW@ m(k-l)) — P(A(ik)l QI”‘"’).
Ilenn Maprona o6pasyioT ecTecTBennoe o6o6menne no-

CIIPI[OB&TGJ!})HOCTGfI He3aBUCHUMBIX HenuTanmil. Ecam mo-
JORHETH

Piyyi (my 1) = P(A] A7), m <,

T0 ocHOBUAs PopMyta Teopun ueneii Mapkoa Oyner umern
caeayomuil BuA:

Pij, (k, n) = Z’ipikfm (%, m) Py, (M, 7). )
1’"1

E<m<n
O6osnauns marpuny |{ pi,.i, (M, ) || wepes p (m,n),
moskmo (1) sammeaTs B caenyiomeM Bupel):
p (k, n) = p (k, m) p (m, n) @)
k<<m<n.

1y TJo momopy nanbmEefimero pasBuTuA Teopdmm menefl Mapxosa
em. R.von Mises [1], §46 mB. Hostinsky, Méthodes
générales du calcul des probabilités, Mém. Sci. Math. 52, Paris, 1931,
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§ 8. YCIIOBHHIE BEPOATHOCTH

oG pasyer yenv Mapkosa, ecnn npn n106ux k u i
P (AP 9@ ¥y = P (AP AT,

Ilenn Mapropa o6pasyioT ecTecTBennoe o6o6menne mo-
cleoBaTenbliocTell HE3aBHCHMHX HCDHTanmd. Ecau no-

JOHUTHh
pimin (m, n) =P (ASZ)I /1(1:1))7 m < n,

To ocHOBDag Qopmyna Teopul teneil Mapkosa Gyaer nMeTn
clenylomui BUA:

Piyi, (B, n) = Z‘Pikim (k, m) piu, (m, n). (1)
E<<m<n
O6osnauns marpmny || py,.i, (m, n) || wepes p (m,n),

moskio (1) sammeats B ciexyiomeM Bmael):

p (k, n) = p (k, m) p (m, n) (2)
k< m<n.

1y Tlo nopoay naabnefimero pasBUTHA Teopu: nenefi Mapxosa
cm. R.von Mises [1], §16uB. Hostinsky, Méthodes
énérales du calcul des probabilités, Mém. Sci. Math. 52, Paris, 1931,



II. BECROHEYHBIE I0JIfl BEPOATHOCTEN

§ 1. Axrcuoma HenpepniBHOCTN

Mut ofosnauaen, kak ofpumo, uepes ()4, mepecede-
m

HAe MHOKECTB A, (B KOHedHOM HIH (eCKOHEIHOM dmcie)

u uepes |JA, mx coenmHenme. B caydae Hemepecerawo-
m
MY XCA MEOMKECTB A ,,, coefiunienne | J A, Hassipaem cymmoil o
m

oGoswauaem NA,,. Crexosareanmo,
U Am = A1UA2UA3U- [T
DiAn = A+ Ay + Ay + .,

m

ﬂ Am == A1A2A3...

ITpn Becex manmpHeHmMMX paccMOTpenuAX Mbl Npeiro-
naraens, 9ro Kpome axcuoMm I—1V (ra. 1, § 1) sumonnserca
ele CIefyoMaAs aKCHOMAa HEOPEPHBHOCTH:

V. [Han ybusarweii nocaedosamesvrocmu

4:24,2...24,2... M
[, e 6— ~ 7
cobumuil us F maxoti, umo

QAM=@, (2)

Meem Mecmo paeeHcmeo

lim P (4,) = 0. (3)



§ 1. AKCMOMA BHEIIPEPREIBHOCTH

[
<3

Bo BeceM masnpHeRnIeM H3J0KEHAM ML HA3BLIBaeM HO.EM
gepoamuocmerl TONLKO Taxkoe mole Beposardocted (2, §, P)
B cMpbiciIe TJIaBH IIepBOil, KOTOpPOe, KpoMe TOro, yIOBJIer-
BopsieT axcnorye Y. Ilons BeposiTHOCTEH B cMBIC)E TVIABLI
HePBOI MOKIO HABHBATD HOLLMU 6epOAMHOCMEl 8 pacuili-
PEHHOM CMBICIE.

Ecan cmeTema MHOKeCTB § Komeuia, awrcromMa V cie-
pyer u3 anrcmom I—IV. B camom gmene, B oToMm ciaydae
CYITeCTBYET TOMHKO KOHETHOE YLICJH0 PA3MMIHEIX MHOMKECTB
B nocuaegonarensroctan (1), liyers A, — HamumeHbInee u3
HEX, TOrJla BCe MEHOkecTBA Ay, COBHAZAIOT ¢ A, U MH,
CACHOBATEREHO, TI01YIAEM

A}i = Ah‘+l = ﬂ An = @1
ImP(4,) =P(@) =0.

I

Jce mpHEMepH ¢ KOHEYHEHIMH IOJNAMI BEpOATHOCTEH H3
mepnoil IiIaBH  YROBAETROPAIOT, CIEHNOBATENDIO, TaKKe
arcuoMe V. Cucrema arcmom I—V spiasercsd, Takud obpa-
30M, HENPOTHBOPEUNBOHA W HENOJHOH.

Hamporus, pua GecromeuHnX moJed aKcHoMa Hempe-
puiBHoCITI V gaBigerca HesapucmMoll ot awcmom [—I1V.
Tar Kak HoRag aKcHOMAa CYIIEeCTBEIHA JuIOb AN Gecro-
HeTHHX Hojell BeposTHOCTEH, TO ABIAETCS IIOYTH HEBO3-
MOJNHBIM PasbiCHETD €e SMOIpudeckoe sHaUeHHe, HaUpH-
Mep, TaK, Kak 310 OHJIO BKpATIe HPOReNaHo A aKCHOM
i—IV 8 § 2 rravw nepsoii. Tlpu ommcanuum raroro-1uGo
RelicTBHTe1BHO  HabiogaeMoro caydvafinoro uporecca
MO/KHO HONYYaTb TOJBKO KOHEYHEIE WOJS BEPOSTHOCTEH.
Becxkonednsie noisi BepOsITHOCTEH UOABIAKICA TONBKO
KaK uJealnsupoBANNEIe cXeMbl AeHCTBHTENBHEIX ciydaii-
HBIX ABJenHd. Mb HpOHABOIBII0 OFPAHHYMBAEMCS TP STOM
TAKIMH CXeMaMH, KOTOpHe YHOBIETBOPST axkcuoMme V.
310 orpaHIueHNe OKashIBAETCH LENeCOO0OPABHLIM B CaMBIX
PA3INUNBIX  HCCHEIOBAHUSMX,

Teopewnma [ (paciumpensas Teopema CIOIKCHUS).
Ecuw A, 4,, ..., 4,, ... npunabBaeacam § u

A= 3 A, (4)

T
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mo
P(4) = JIP(A). (5)
Hdowxaszarteascrtso. [loaomum
R, = D) A,.
m>n
Torna, ouesnpno,
Q Rn, = @v
4, Cllefi0BaTeNLbHO, Mo aKkcuome V
limP(R,) = 0. (6)

C npyro#t cTopoHH, IO TEopeMe CIoKeHHH
P(4) =P(4)+ ... +P,) +P(R,). (7

Uz (6) m (7) caegyer memocpencrsenno (5).

WUrax, MH fokasanu, 910 BepoATHoCTH P = P (+) as-
nseTcss Ha §  cuemmo-addumusnoti @Pynryueii Mmmoxcecms.
Obparmro, axcuomsl 1V 11 V umewr secro mas Beaxoit onpe-
JeleHHORM Ha Kawo#-nmmbo aiareGpe MHOMECTB § CUETHO-
aIfuTHBHON QyHKunHA MHokecTr '), Moskno, cnegosarens-
1o, MOHATHE IIOJS BEPOATHOCTEH OHpEeNeNuTh CJAeNYIOMMM
o0pazon.

ITyemv Q — npoussoavroe mnoscecmeo, § — aazedpa
nodmuoscecms 2, a P = P (+) — neompuyameavhas cuem-
no-adOumusnas @GYRKYUL MHOHCECME, OonpedeieHHaAs HA
F, noduunernas yeaosurw P (Q) = 1. Toezda cucmema
(8, ¥, P) o6pasyem noae sepoammocmeli.

Teopemnma Il (o moxpurunx). Ecau 4, A, A, . ..
eooy Auy ... npunadaeam F u
A= [ 4, )
mo "
P(d) < 2P (40, )

Y Cm., mpampumep, wKumry A.H.Koamoroposa u
C. B.®omuHa IUTEPOBAHHYI HA cTp. {1,
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HowasateasbcrTso. llockoanky

A=A (JA,) = A, + A A, + A3 4,4, +...),
TO
P(A) =P (44)+ P(44,3) + ... <
< P(4) +P(4y) + ...

§ 2. Bopenesckne mona BepoATHocTel

Anre6pa F mnomMHOKECTB MHOKECTBA £ Ha3HIBAETCSA
6opeaesckoli anzebpoil, eCI| Bce CUETHLIE CYMMEL DA, mHO-
k3

mects A, ma § nmpunagaesmar §. Bopenesckue axreGpu
HA3HIBAIOT Tarme c-ateebpamu. s Gopmyan

UAn =A1+A2/II +A3:1-1142+... (1)

MO)KHO 3aKJIIOYATH, UTO G-anrebpa CONEp:HHUT TaKiKe Bee
MHoOmecTBa | A,, COCTaBIE€HHEIC M3 CUETHOTO UHCIA MHO-

n
swects A,. 13 dopmyan

N4, =Q\ (A4,

clefyeT TO jKe [JAl MepecevyeHmii MHOIKECTB.

Iose seposmuocmeri (22, &, P) Hasvieaemcs 6opeaes-
CKUM RoAeM 6eposmHOCIEL, ecAl coomeemcmeyouas ad-
ee6pa § seanemces 6Gopeaesckoli.

IMpu 6opeaesckuxr HOAAX TEOPHUA BEPOATHOCTEH mOTyIa-
€T DoJHYI0 ¢BOGOY IEACTBRS, He CBA3aHHYIO € OITACHOCTHIO
ITPHATH K COOBITHAM, KOTOpLIe He MMeIoT HUKAKOH BeposT-
Hocrd. Mpr Temepsr MoKaskeM, UTO0 MOKHO OTPaHHIATHCA
paccMOTpeHHEM TO:IbKO G0peJeBCKUX HOJIeH BepoATHOCTEM.
dro GyHer caefoBaTh M3 Tax Ha3LIBAEMOIl TEOPeMHl 0 mpo-
OJKeHUN, K KOTOpOoit MEI cefigac mepeiifeM.
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ITyets mamo moae mepoarHocTedr (£, &,, P). Han
ns3BectHo '), cymecTByeT HamMeHbIIAsA G-aarebpa §F =
= 5 (5 ,), comep:ramasn .

Teopema (o upogomuennn). Onpedesennynw Ha
(8, o) Heompuyameavhyo ciemno-addumuenyio PyHryuio
muoscecms P o= P (+) eceefa moscio npodoascums ¢ cox-
DPaHeHUueM 060ux ceolicmé (HeompuyameAbHOCIU U CHemMILot
addumusrocmu) Ha éce mHoxcecmsa us § = 6 (F,) u npu-
nmost eQUHCMBeHHM 06PA30M.

Bopeaescras anrebpa 7 = 5 (F,) BMecte ¢ HpojoJ-
yreRHON Qyurmmein muosmects P = P (.) ofpasyer muexo-
Topoe moie BepomrHocted (L, 7, P). Iro monme Hazonem
Gopeaescrum pacwuperuern nonsa (2, §,, P).

HJorasarTeabcTBO TEOPEMH O IIPOAOILKREHNH,
KeTOPasg OTHOCUTCS R TEOPHHU ANAHTHDHHX QYHKIHHE MHO-
MECTB W KOTOpPas B OCHOBHOM [OJKHA OHRTH M3BECTHA
B PasJIMYHHIX APYIUX TPAKTOBRAX, IPOBOKHTCA MO CAEAYIO-
meft cxeae.

[lycre A — umexoTopoe HpPOW3BOJBHOE NOIMIOMCCTRO
£2. Onpemennm P* (A4) rax HIGKIOD TPAHHLY CYMM

DIP (4

IJIff BCeX HOKPHITHHA
AS U 4,
n

MHOKCCTBA A KOHEYHLIM WM CYETHHIM TACTOM MHOMECTR
A, u3 F,. Jlerno gorasars, uro P* (4) sasasercs suew-
neti mepot B cumicie Kaparteomopm *). CorsmacHo Teopeme
o moxpertuax (§ 1), P* (4) copmamaer ¢ P (4) ans Bcex
MHOIKECTB M3 ¥ ,. [lasee goxassBaeTcs, 9TO BCe MHOKECTBA
B3 §, naMepuMsl B cMeiciie Hapareogopn. Tak Kak Bce m3-

Y

) ®. Xaycgop®d, Teopus mmomects, I'ocrexmspar, M.,
1937; A.H.Koamoropos, C.®. DowmumE, IieMcHTH T¢0-
pnn  $yEROWE w ¢yHKDHoHAanbHOTO amanusa, HMag-so «Hayxar,
1968, cTp. 44.

3 C.Carathdédodory, Vorlesungen iiber reele Funktio-
nen, Teubner, Berlin und Leipzig, 1918, crp. 237—258; A. H.
Koamoropos, C. B.®omua (war. peme), ra V, § 3.
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rMepuMsle MHoOKecTBa o6pasyioT G-aiarebpy, To, ciaegopa-
TedbHO, BCE MHOJRECTBA U3 G (§F () ABJAAIOTCH MBMEPHMBIMIA.
(Qrymrriusa MHO3ReetB P* (A4) saBasercs, caegoBaTenbHo,
CUeTHO-aJIETHBHON Ha 6 (F ), 1 Ha & (F,) Mul Moskes Ho-
JORUTH

P(4) = P* (4).

T TOKA3ANO CYUECHBo6GHILe TIPoNodmennd. Edun-
cmeeHHocmb TPOJOILKEHIA CIieIyeT €pa’y ke U3 MUHH-
MaJBHHIX CBOHCTB adredper ¢ (F,).

3ameuganue Ecim mucmecrsa (coburtus) A us
& 5 MOTYT UMeTh CMBICH B KauecThe NeHCTBHTENBHLIX U Ha-
6mogapwixes (xoTs 6ut npubammenno) cobeTuil, T0 OT-
cIofla emie He cJaefyeT, YTo MHOGKECTBA 113 PacUIMpPeHHOR
aarebpil 6 (§,) NOOYCRAWT TaKOoe KE pas3yMIoe MCToJ-
KOBAHIE B HKaJIeCTBe JeilcTBUTCALHO HabaI07aBUIMXCH
cobmruii. Moyrer caxyumnTeeg, UTo moJe BepoATHOCTeH
{2, ¥4, P) paccaarpunaercs B wavecrse (XoTs Onl umea-
IU3UPOBAHHOr0) 00pasza PEATBHHX CAYIAMHBIX ¢oOBITHIE,
P TO BpeMH KaK paciiipennce TNoNe BEPOATHOCTEH
(£2, 6(Fo), F) ocraercs 9HCTO MATEMATHUCCRUM HOCTPO-
elIeM.

Muoskeersa u3 6 (F ;) ML PacCMATPHBAEM TOMBKO Kak
«UHeNILIbIe COORITIM, KOTOPHM HEIEro HE COOTBETCTBYET
Bo BHemmeMm mupe. Ecan, ogHaKe, paccy:eHie, KOTOpoe
HCIOAL3YeT BEPOATHOCTH TAaKGX HICATBHEX CoOnTH,
HPHBCGIUT K OOpejlesiclTHI0 BePOSTHOCTEH NEeACTBUTEIBIIOTO
coburrusa u3 § ;, T0 510 OIpejeseniie, OYCBHIHO, aBTOMATH-
gecKH Gy/eT HeNMpoTHBOPEIHBHIM H ¢ DMIHPUYECKOH TOYKH
3peHus.

§ 3. lipunmepnl Geckomeunkix nojaefl BeposTHOCTEl

I. Eme s meproif rase, § 1, MH ¢Tpouau pasnnunbie Ko-
neuinie noxd BepostHocteil. Ilyers Teneps

Q= {0)1, Wgy & '}

~— CYETHOE MUOXKeCcTBO, a EF COBOalaeT ¢ COBOKYINHOCTBIO
BCeX OOIMHOKECTB MHOKECTBA 0,
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Bee Bosmoskane mong BOPOATHOCTEH ¢ Takum MHOsRe-
CTBOM § momywarores Clenyromus o6pason: Geperca mocae-
AOBATeNIbHOCTD HEOTPALATE birkix qcest {p,} opu yeaonun

pl + p-z + e e . == 1
H 1asa Kamaoro MHOJKecTBa A noJaraercs
o’
P (A) = 21 DPny
n

IIpAYeM CyMMEpoBanie paclipocTpaHserca ma pee e
n

UHICKCH 7, A KOTOpBIX ©n OpHEagae;ar A. Itm mong
BeposaTHOCTeH, oweBngNHO, ABJIAIOTCA GopeseBekiMy,

II. Temeps OPeANoIo:KuM, wro ) opeacrasisger
coboit NeiCTBUT LY 10 HHCJIOBYIO mpamyio R. Cuagaxa
nycrb ¥, o6pasoano ma BCCBOBMOKHEIX KOHETIThIX cymn
HOJYOTKDBITBIX  MHTepBasoB la, b) = {ora<Co< b}
(opum aTOM ML baceyatpusaem napagy ¢ cobCTReHHBIMNY
UHTepBaIaMU ¢ KoHeuHLIME ¢ 1 b TaKkke u HecoGeTBeHMLID
[— oo, b), la, +o0) u [— 00, + 00)). Jlerko y6enurnes, urp
F o ABAZETCA anredpoit. Ilo Teopeme o mpomommenun o
HO, 0OBHaKO, KamKoe mose BepoarHocTelt (Q, &, P) pacuim-
PUTL B monoGuoe mose (Q, 5 (F o), P). Crcrema MuOsKRECTR
F = 6(F,) B namen CAydae sIBAAETCHA mu wep HIIbIA,
KaK cucreMoil mpeex bopeacocrug MHONCECME  YUCITOROK
npaMoi.

I, Hyers Q@ = p — neficreurtenrnas YHCTOBAS IpsI-
Masg, a § cocTout ms Beex Gopenesckux muosnecrs BTOI
upsamoi. Jlasa moerpoenys BEPOATHOCTHOTO mpocTpancrna
¢ nannoi Goperxesckoir anredpoli § HoCTaTounmo ompeje-
JAUTL 114 MHOmecTBax A = F mobyro HeoTpunarensnyo
CHCTHO-AIINTURRYI0 (hyHKIIIO MHOKecTs P (A4), yropaer-
BODAIMYI0O yexosmio P{Q) = 1. Takas GyHKIUA, Kag
nsgecto '), ommosmawmo OIpenesaserca cpouMu 3Hage-
NI AMHA

Pll—co, 2)} = F (2) (1)
AU CHeMUATbHBIX HHTEPBANOB [ — oo, x).

hem., Ao ebeor, Haterpuposanpe n OTBICKAHNMe IPUMATHD-
HuX QynKyui, I'TTH, 1934, CTp. 127132,
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@Oyuxnnio F = F (2) waswiBaiotr @Pynryuei pacnpe-
deaerius w. [latee gorasmBaercsa (Tperna raasa, § 2), 4ro
I (2) ne ybrpaer, HenpepHBIa CIEBA I HMEET CJAELYIOMUE
mpejelIbHble 3UadeHnsA:

lim F(2) = F (— o0) = 0,
K—>r—00
. 2
lim F(z) = F (+ o) = 1.
x-—>4o00
Ob6partro, eciam pana QymErnua F = F (), ynmommer-
BOPAIOMAA STUM YCIOBHAM, TO OHA BCErJa ONpeRejsier
HeOTPUUATENbHYI0 CUCTHO-ANJAHTHRHYI0 (YHKINIO MHO-
mecrs P (A4) rarywo, uro P (Q) = 11).
1V. IlycTs Teneps 3a 0CHOBIOe MHOKECTBO Q IPHIH-
MacTCAd n-MepHOEe eBKIMJ0BO KOODAHHATHOE IPOCTPAH-
cTBo R™, T. 6. MHOIKECTBO BCEX YHOPATOYEHHHX KOMILICK-
coB ® = {%,, Xy, . . ., T,} U3 N NeHCTBATEJBHRX UHCEN.
Cucrema ¥ mycTh COCTOMT IpPH DTOM H3 BCeX GOpENEBCKHIX
muosects ®) mpocrpancrea R Ha ocmosanmu paceysspe-
IUil, aHAMOTUYHLIX MpUBEICHHEMM B npumepe II, MH  Mo-
HKeM OTKasaThCA 0T paccMOTpeHus Gojee Y3KUX CHCTEM
MHOKECTE, HALpPUMED CHCTEMLl BCEX R-MEPHHX HHTep-
RAJIOB,
3a Bepoarnoctiy Gysrnmio P (4) smecs, Kak Beerna,
MORHO TpUIATE J100Y10 HeoTPHIATeJAbHYI0 § CYeTHO-
AJIMTABHYI0 (QYURLIIO MIO;KECTB, OUpejeNennyio Ha F
u ynosaerpopawinyo yeaonuo P () = 1, Taraa Qyaxums
MIOMCCTE 04HO3HAYHO ONPEesifAeTCs, ecHy [anbl ee 3Ha-
YeHUA

P(Aal. az-...,(ln) = Ii‘ (alv aZv LIRS an) (3)

O1a CcOenua’dIbHLIX MHOMCCTR Aal,az,.”,anv rae N, a;, 0 a
02HA%AET MIOAECTBO BCEX M, ANA KOTOPHIX

n

rn<a,i=1,2,... n

1 CM., BAUpAMep, UATHPOBAHHYIO BHIIIE raury A. H. Ko -
mMmoroposa u C.OP.Domuna, crp. 262

¥) Oupenesenue GopeseBcrux muomectd B R® cm, @, X a y -
gop¢, Teopus mmomects, l'ocrexmsgar, M., 1937.

2 A, H. Hoasoropus



34 11, BECKOHEYHBIE 110JIf1 BEPOHTHOCTEN

Herpymuo mogcuntats, 9T0 [0 MIOKeCTBA

by,

.. b
Aan..., aZ = { ay < X < bh sy < X < bn}

BEPOATHOCTD

by, &

P (Aa,aﬂ) =

=F by, b)) =2 Fhyy oy by, a, Uiy ooy b))

i==1

1
’}‘ }_} F(blv LIUIRY] bi—h a, b1+17 LEREY) }))—17 aj, bjﬂ: s bn) T e
i<j

A (=D Fag, a0 (B)

3a gyurmuio F (a;, . . ., G,) MOKIIO TIPH 3TOM BHEGpaTh
7106y10 HempepHBHYIO CJleB2, HeyOLIBAONYIO IO BCEM IIe-
PEMEHHBIM (QYHKOU, JJis8 KOTOPOI BHIpasikerne B MpaBci
wacTi (4) HEOTPHIATEABHO NpHt NOGHX g; <L b, & = 1,...

., N, B KOTOpAas Y/OBJIETBOPHAST TaKyKe CJCHYICHMM
YCIOBUAM:

tim # (alv sy an) = F(ala ceny Bigy, — OC, Aiggyees,y an) = 07

s
(ll o0

i=1,2,...,n, (5)

lim  F(ay...a)=F(+ co,..., +oc)=1.
a1—’+00,...,an—>+ec

®ynruae F (ay, ..., a,) nasuBaoT Pynryuel pac-
npedencHus 6eAUMUR Zyy - . ., Tp.

PacesmoTpenne noiell BeposiTHOCTEH BHINEOTPENeNEcH-
HOTO THHA JOCTATOUII0 MJNA BCeX KJIACCHUECKHX mpobaem
Teopuu BepoAriocred ). B wactuocTtn, BepoaTHoCTHAM
¢ysxnma B B® sosxer OmTH onpefeNena caegyomuM ¢Gpa-
soM. Beperca nobast onpepedentasn B 1" HeOTPUIATEABH A

1} Cp., maupumep, R. von M i s e s[1}, crp. 13—19. 3peen 1pe-
vercd CyWECTBOBaHNE BEPOSTHOCTEH JJIA «BCeX NPAKTHUCCKM BO2-
KUSKIBIXY MHOMKECTB 7-MEPHOIG DPOCTPAHCTBA.
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Qynsupa f = f (v, ..., x,) Tarasg, 100

SN Sf(l“u v ) dry L odry, =1,

— 00

U 1omaraetcs

Pty =Y. @y o) dey.da,. (6)
A
@®yornusa f(zy, ..., ¥p) ABASCTCA B ITOM CclIydae
RAGMHOCMEI 6epoamHocmu B ToUKe (Xy, Ty, . . ., T,) {(CP.
ra. 111, § 2).

Ilpyroii Tum BepoATHOCTHHX (ynkumit B R" moaysaer-
ca caepyromum obpasom. Ilyers {®;} — TocaemoBaredn-
HoeTh Touek 3 R™ m {p;} — HociefoBATENLHOCTD HEOTPI-

o N
OaTeALHBIX NEeUCTBHTENBHIBIX YUCeJd Taras, 4TO __)_;p, = 1.
i

Torra, Tak ke Kak ® B npumepe [, nonaraen
P(A) = 2 Dis
i

7
npaYeM CyMMHDOBaNHe > pacmpocTpansercs Ha BCe To
i

NUAeKcH i, JIA KOTOpHX «; mpmuagizexar 4. 06a ymo-
MAUYTHIX 3Jlech THIA BEPOATHOCTHHIX (yHkmmi B R" me
NCUePIHBAIOT BCEX BOBMOIKHOCTEH, XOTA MMM OGHIYHO JI0-
BOJABCTRYIOTCA B IPHJOSKEHWAX TEOPHH BCPOATHOCTRMH.
Moo, ogHAKO, cefe mpefcTaBuTh, KPoMe BTOH Riac-
CcH"ecKol 06JaacTH, TAKKe U APYyIHe, HHTepecHsle A TpH-
NOMEANH 3aaUK, B KOTOPHX dJjieMeHTapHsie coOMTHA OI-
pefeaAioTCA ¢ MOMOMBI0 OECKOHEYHOTo ¥MejJa KOODAMHAT.
CooTBeTcTByIOIME HOJA BepOsITHOCTEH MBI HCCIERYeM
GJIHIKe TOoCe BBEIeH s HeKOTOPhIX Heo0XOQUMBIX JJIA 3TOTO
pemoMoraTeTsHNX monartui (ep. ra. III, § 3).
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§ 1. Bepoarnocrnsie Qynrimmn

Hyers mamo orobpasenue wroskecTa Q B MHOKECTBO
X, cocrosimee U3 KAKUX-AMB0 DIEMEHTOR, T. e. oImpemeseH-
Hasg Ha Q ofHosnaunas QyHRuua § = (@), smavenug Ko-
TOPOi mpuumajgtekarT Muomectsy X. Kaskmomy momniiosxe-
erBy A m3 X MII CTaBHM B COOTBETCTBHE B KAUECTBE ero
npocbpasa B Q muomectBo E7' (A) Beex pieMeHTOB m3
Q, RoTOpHIe 0TOGPARAIOTCA B O[HH U3 DIEMEHTOR A. Ilycrn
Aanee Fp — cucrema Beex mopmuossecte A ms X, mpo-
00passl KOTOPHIX NPHUANIERAT K a4ce6pe MHOKECTB F.
Cucrema §: Torma Takske sBisercs aare6poit. Ecan npu
9TOM § — Gopeaescras aneebpa, To TOKE MMEET MECTO K
ng F g

Mz monaraem Temeps

Py (4) =P {E1(4)). iy

JTa ompeneneHnan Ha Fy QYHKUIA MHOMKECTR P ynoraer-
BOpAeT OTHOCHTENALHO adTeGps §r BCEM HANIHM aKcHOMAM
1—V n, caeposatensno, sBuasercs BEPOATHOCTHOR (yHK-
rnueil Ha Fe. Ilpesme wem mepeitrn k JlOKa3aTeNLCTBY
BCOX TOJNBKO 9TO YKa3aHHBIX (akTOB, MH cOpPMyampyem
YiKe Telleps cienylomee

Onmpepgenenne. IHyers nana ommosmagnas dyax-
mna § = (o) cayuaiinoro cobuTES ©. Torma ¢ynrmns
P, onpenenennas dopmyoit (1), naswiBaerca seposmiio-
cmuoli ynryuer; E.

{Ipumevanne I. Ilpm wmcciaegosammm mons Bepo-
arrocreit (Q, ¥, P) ¢ymrmno P masmsator BEPOATHOCTHOMH
¢yuKInei HIM MPOCTO BEPOATHOCTLIO, a P — meposruo-
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criont pynrnuein . B caywae E (o) = o P (A) coma-
gaer ¢ P (4).

Hpumeuwaunne II. CoGrrue E~! (4) cocront B ToM,
1o § (w) nmpumazaexur muosrectsy A. Caegosatedipio,
P (A) ects BepoATHOCTH TOTO, uTo § (0) & A.

Tiaym ocramocs gokasaTh BHINEYHOMSHYTHE CBOHCTBA
Feu Pe Omu caeuyror, oTHako, U3 0AHOrO-{HHCTREH-
Horo (aKTa, a HMCHIO clegyiomero.

Jdexwya. Cymna, nepecevenue w pasnwocmt kakuz-
Aubo npoodpasmsr mhoxcecms E' (A) asasomea npoobpa-
3AMU COOMBEMCMBYIOUYLLT CYMM, Repecewenitii w pasnocmeld
mroxncecms A.

HoxasarTennbcTBs o aToil JeyMys mpenocTasisaer-
CA qHTaTeNno.

IIycts temeps A m B — pgBa Mnokecta m3 F e ux
upoobpasst A’ u B’ npunagnemar torga §. Tak Kak F —
anrebpa, To muomectsa A'B', A 4 B" m A'\ B’ Tarme
npusagresat §. Ho stu mHomecTsa siBas0TCA Mpoobpa-
samu muoskecTs AB, A 4 B n AN\ B, cilefoBaTeanuo, mo-
Cllefiue MHOJKeCTBAa IpuHamiemaT K § .. Mrak, ms po-
Kasanu, 9to ¥ ; — aarebpa. Taxr ke moxassiBaercs, 4ro
ecan F aABagercs GopeneBckodl aareGpoii, To To e cIpa-
BCJAEBO U A F e

Hauee sacho, wro

Pe(X) =P{E(X)} =P(Q) =1.

Heo P scerpa meoTpumaresnbHa, HOHATHO caMo coboit.
C.ie1oBaTedIbHO, 0CTATCH OKa3aThb, dYTO P cuerno-aj-
murusna (cp. kower § 1 ra. II).

Hrak, nycete muosrectsa A,, a ciefoBaTe/MbHO, M HX
upoobpasu §7! (4,) ne mepeceraworca. Torga

P 2 4,) =pr{en (2 4.)} =

=P e (40} = Pt (A = 2P (4,),

9oM JOoKadalna CIeTuad agiuTUBHOCTH PE'
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B saxmouenne aamermy eine caenyomee. Ilyets §, =
= £, (®) — ¢pyurnua, orobpaskaomas £ B X, a g =
= &, (z;) — mpyras gynxnma, otobparkaomasn X, 8 X,
Torpa cuoskuan ¢ynwnus & (o) = & &, ()] oTobpaskaer
muomectso £ B X,. Mt pacemorpum remeps BEPOSITHOCT-
uite pynrnuu Py (A)) v Py, (Ay) nns dymxruuit £, (o)
i E (o) = &, [§ (0)]. O nBe BeposTrocTHEE $yninun
CBABAIML, KaR JIETRO NOACRHTATH, CJACAYIOLIMM COOTHOLIE-
nuem:

§ 2. Oupeneacure eayuafinpix ECJHINH,
GYHKIDN pacnpeneleniis

Ounpenenenue I. Ounosnasuyio peficreurent-
nyo Qysxmuo § = E (©), onpemesennyo Ha OCHOBHOM
MHOJKECTBC (2, HRsMBARIOT CAYYAlinoOT 6eAuuUHOL, ecin 1pH
KaKIOM  BHIGOpe MellCTBHTENBHOT0 YHCIA Z MIOIKECTIO
{§ <z} Bcex Tex o, mua wotopuix COpaBeINBO Hepa-
peHcrBo § (0) << x, DPHHATERHT K CHCTEME MHOMKECTS .

Ira dymxiua E (o) oTobpaskaeT 0CHOBHO® MIO0IECTRO
2 ma mHOmecTBO R Beex meiicrurennumix umcen. Hame
ompejiesiennie CJAy4aiiioll BeAHUNHN MOKHO Temepsh cop-
MYJHpOBATL TaK: JfefcTeuTenbuas (yuxnua E = E (o)
ABIAETCA ClydaiiHoli Benudumoit TOrga W TOJMBKO TOrHaA,
KOrfia g CONEPIRMT Kaskibli MHTepBaid BUjA (— o0, a).

Taxk kax F ¢ — aurebpa, To oHa COREPsKUT Hapany
€ HHTePBAJaMH (— 0o, @) TaKiKe BCEBOBMO;KHEE KOHEYIIbie
CYMMBEL IOJIYOTRPBITHIX HHTepBayio8 [a, 6). Eciu mamre mo-
je BepoATHocTell Gopenesckoe, T0 § H F ¢ aBasmores Go-
PEJNEBCKUMY aiareGpaMu; CIe0BATENbHO, B HTOM CJyTae
F ¢ comepykuT BCe GopeleBckme MHoecTBa R. Bepoar-
nocrnas Gynarnnsa Py caywaitnoit Bennuunn E onpenencra
A BCeX MHO:KecTB A anreGpm § ¢ B wactroctn, B Bam-
nefimeM cayuae GopesieBCKOro moss BepoaTHOCTEH P on-
perenena i Bcex GOperieBCKUX MuoKecTE R.

Ounpegencune I Dynrmua

F%(x)=P§("'°O: x)=P{'§(w)<x},
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rje — oo B - oo MONYCKAIOTCSA B KadecTBe 3HAYCHUH 1,
HajsBaeTca Pynnyuels pacnpedeienus CcAydadiHol Bedu-
THAL &,

M3 ompejenennsa memocpeACTBEHIO CHENYeT, 49TO

BeposatHocTh BHIONHEHHA HePaBencts a < § << b, ovte-
BUAHO, 3ajaeTca opMynoit

Pla<<E(0)<<b) = Fe(b) — Fe(a). (2)
TCIORA CAEAYET, 9T0 NIAg a << b
Fz (o) < Fe(b).

JdT0 osmauaer, uro F¢ (z) — Heybueaiiyasr dyurnua.
Mycrs pamee a; <Ta, < ... <<a, <...— b, Toraa

[ to E(0) &lay, b)) = .
CnegoBatenpilo, COINIaCHO AaKCHOME HENpPepHBHOCTH
Fe(b) — Fy(an) =P {0:E(0) & la, b))}
CTPEMUTCH K HYJI0 OpA 1 — oo. OTcioga BugHO, 970 yHK-

mua I (x) HenpepusHua caceq.
AHaJOTHYHO MOKHO [0Ka3aTh, UTO

lim Fg(2) = Fz(— o) =0, 3)
lim Fg(x) = Fg (- o0) = 1. (%)
x—>|o00

Ecan mone epostHOCTEH (f2, ¥, P) — Gopenencroe, To
BHQUEHNA BePOATHOCTHON pyurmuu P¢ (A) pasa Bcex 6Go-
pelleBcKEX MHOKeCTB 4 w3 R 0JH03HAYHO OIpeNeIsTes
sHaumem ¢Qyuxnmn pacnpepenenus Fg (z) (cp. ra. II,
§ 3, ITI). Tar rax roaBHBIM 06pasoM MHTEPECYIOTCH TOABKO
sruvu sHadenuavu P (4), To QyHROUM ¢ pacipenesieHas
UCpaoT BO BCeM JaJblieiliieM M3I0/KeHHH CYMCCTREHNYIO
POIh,
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Eenn ¢ywrnua pacnpegenenna F, (r) paddepennu-
pyema, To €e NPOU3BOAHYIO HO I
dF, (x)
. £
fe(@) = ——

Ua3HBAOT NAOMHOCMbBIO 6ePOAMHOCTILL & B TOUKE Z,
Ecaun mna xampmoro z

Fe@ = oy,

TO MIAA KasKmoro OGopeNeBCKOTo MHoecTBa A BeposATHO-
criyio GpyHKIMo § MOsRHO BBIpasuTh 4epes fg (x) cienyio-
oM 06pasoMm:

P (4) = Jz (2) da. (5)
A

B sToM ciyuae ToBOpAT, 4T pacnpedeaenue & abcoaiom-
Ho Henpepvisho., B ofmem ciaydae 1o aHalOTHH OUINYTS

P (A) =\ aF. (). (6)

A

Bee BBenennnie monmATHA monycKaioT obobmenne na
cayd"ait ychmopumx BeposrtHocTell. (DYyHKIHMA MHOMKECTB

P.(A|B)=P{E= 4 |B}

ABIACTCA YCA06HOLL seposmuocmuotl (pynryueil § npu ru-
norese B (npegmomaraercs, ure P (B) > 0). Hey6siBato-
mas GynKmmsa
Fy(z|B)=P{t<=z|B}
€CTH COOTBETCTBYIOmast (YHKIWA pacupejelleHns, W, Ha-
xomen (B cayuae mudpdepeniupyemoctu F(z | B)),
dF, (x| B)
—_ B
fﬁ (.Z'!B) - dz

— YCIORHAA NAOTHOCTH BEPOATHOCTH & B TOYUKe & OpH T'H-
norese B.
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§ 3. Mnuoromepusle Qyuxuun pacipegeseHus

ITycrs Teneps pamn 7 cayuaitnplx peamumn E;, &, . ..
.y &y Toura E=(§, . . ., E,) n-MepHOTO mpocTpancTBa
R" apasterca ¢yurmneit anemerrrapraoro cobnrusa . Cremo-
BaTeabHo, Ho ofmuym npaBniam § 1 monygaem anre6py mmo-
MeCTB  § ¢ = Fz..,g, COCTOANYO W3 IOXMHOKECTB
npocTpanctea R", m  ompejeiennyn Ha Fp = Fernt,
BepoaTtnocTHyo  pynkmuo Pg (4) = Py, e (4). 91y
BepPOoATHOCTHY (YHKIOWIO HABLIBAIOT R-MEPHOU 6EPOSMMO-
cmuoti ynryueli cayralinnr eeaunun & = (E;, ..., E,).

Anrebpa FFal,...,Zﬂ COIERIT (KaK BTO UPAMO clegyer
N3 onpejejenda caAyvyadHoll BeJUYHUB) IpH Ka:KIOM BH-
6opeima;, i =1,2,..., n, MI0O/KECTBO BCCX TOYER & =
= (2, ... ;)& R", nua xoropeix z; << a;. Caenora-
TeNbHO, Fg,, .., g, CONEPIKHT TaKyKe U IepecedeHne yKaszan-
HLIX  MHOMKECTB, T. €. MHOKeCTBO Aqg, q, .. a, BCEX TO-
9eK Z = (X1, . . ., Zy) € A", 0158 KOTOPHX BHIIOIHAITCA
BCe HepaBeHCTBA z; << a;, [ = 1,2, ..., nt).

Ecian wazpaTh n-MepHEIM TOJYOTKPHTHIM HHTEPBAIOM

lay, asy . - ., @n; by, boy - o oy by)

MHO’KECTBO BeeX Todek R”, i1 KOTOPLIX BHUOJHAIOTCA BCe
HEPaBeHCTBA a; < Z; << b;, TO BHALIO Cpasy, 9TO KaKIHii
Takoil WHTEpBal TaKKe NpPUHAKIeKAT anrebpe §Fz, o Bt

HDOCKOJBRY
[als A2y oo vy Ay bl’ b2v L ] bn) =

= Abh [PH b,n - Aah bz,00as bn - Aau az,bay.., b,n - Ab,,,_,, byp-1 Int

BopeneBcKoe paciimpeHue CHCTEMH BCEX R-MePULIX Io-
AYOTKPHTHX NATEPBAJIOB COCTOUT W3 BCEX OOpENeBCKMX
mHokectB R™. Orcioma cnepyer, 4rto aqzebpa Fe,...:,
6 cayiae 60peaceckozo noas eeposmuocmell codepicum eéce
Gopeaescrkue muoxmcecmsa npocmparcmea R™,

1) @; MOryr nmpuomMarh Tare GecKOReYHHE BHAUERNA -}- 00.
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Teopewma. B cayuae 6opeaceckozo noas eepogmro-

cmeii u Gopeaescroli Pynryun f(xy, ..., x,) EYHEYUS
n{w) = 7F(E;(0), ..., E,(0) Koneurozo wuwucaa cayuali-
woix geauuur &y = & (@), ..., &, = &, (0) mowe sao-

AREMCS  CAYUQAUHOT  BeAUHUNOT.

JAnsa morazarenncTBa HOCTATORHO 3aMETHTB, YTO MHO-
MeCTBO BCeX Touer (%, Ty, . . ., Z,) B R", MAA KOTOPHIX
[z, 25y ..., @) << a, Asazerca OopeaesckmMm. B ga-
CTHOCTII, BCe KOHEYHBI® CYMMbl U HPOU3BEAEHHA cJayTaii-
HEIX BCJAHYHH TOYKe ABIANTCH CAYIATILIMY pedHTuHaM.

Onpepgenenue. Oyarmuo

FEL..., £, (.1"1, R xn) = Pit,..., . ([\“C‘,...,.\'ﬁ)
HARBIBAEGM N-MepHol (ynryuell pacnpedeaerus CAYIAIINHIX
penmyuH &y, ..., &,.

Haxk u B opgmoMepmor cnydae JOKA3HIBACTCH, 9YTO -
MepHas QYHKuMA  pacmpepenenns  Fg e {x,,

., Z,) He yOBIBaeT mo BeceM TEepeMeHHLIM M HempepHBHA
cneBa. Amarormuno pasencrsaM (3) u (4) us § 2

hm Fiu..-, E.n (.Z‘l, .o ey l'n) -

X —>—00
i

= FE;,...,ET, (1‘1’ ey Ticgy 00, Ly way xn) = 0, (1)

lim F
T I S

Tly ooy xn) =

B 2 (

=FE\,....En(+ 0, ... 4 20)=1. (2)
Oynaxmus  pacupepenenns  Fy e (g, . . ., T,) He-
IOCDECTBEHHO JaeT Ham BsHadeHns P: ¢  Toabko
[l CHeMUANbHBIX MHOKECTB Ay, ..« . Ecam, opmaxo,
Hame moJie BepoATHocTedl — GopeneBckoe, To [;

I
Stiernn Gy

00HO3HauHO onpedeasemes 0as GOPesesCrUT MHOMCECME e~
pes  Pymryuio  pacnpedeacrus Fg, e (T oo @) ')

1 Cp. ra. 11, § 3, 1V,
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Ecan CymecTByeT HPDONBROTHAA

a')l
fE:,..., g, (xly sy xn) = ox £ FE;,..., g, (‘1‘17 vy xn)’
T
TC 5Ty HPOHIBOAHYIO fii,.-.,in (zyy ..., z,) HasHBa©OT H-
MEPHOU RACIHOCILIO 6eDOAMKOCTRI CAYUANHEIX BeJdunm
E1r -« & B TOURE (2, . . ., 2,).
Ecan pasg wampoii vourm (ag, .. ., )
FE.;,..., £, (.?51, ‘e an) ==
Xy n N
== S Ve S fily...,in (2/1, ey yn) d!h .o dym
—0o0 —o0
T0 pacmpeneaenue § = (&, . . ., £,) masuBaoT abcoaromio

nenpepwiektian. s Kaskmoro GopexeBECKOro MHOKECTBA
A ¢ R™ nMeer MECTO PaBEHCTBO

Pepre, =\ e, o vy dy 3
A
B saxmiouenue sroro maparpada cuemaem eme o1Ho 3a-

Medanue O COOTHOMEHMAX MEMKIY Pa3IHYIHBIMH BEPOATHO-
CTHBEIMH (YHRIUAME ¥ QYHKOUAME pacupefenesns. IIycrs

Jdada IDOnCTaHOBKAa
1, 2,...,n
S == (- . ] 1
1y 150 00y Iy

H OyCcTh pg o3HauaeT npeoGpasoBaHile

x,;=x,-k, k=1,2,... n
mpocTpaHcTBa R™ 8 camoro ce6a. Torma sicwo, w0
PEi‘QOl'I E'i (A) = PEI,'--: E.n {pél (A)}' (4)
n

Ilycrs rtenmeps z' = my (2) — «upoexnus» mpocTpan-
crza R" B npoctpanctso R¥, &k < n, npm xoTopoii Touka
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r = {x,., ..., T,) oToGpakaercsa B 104Ky ' = (&, ..., Tp).
Toraa seaexctsue gopuymnr (2) § 1

-1 =

Pz () = Pz o e (4)) ®)

s cooTBeTcTRYOUWMX (YHKIMHE pacnpegenernud H3
{4) n (D) caepyor paseHCTBA

F v Ein (.Z'm LORES xin) = FEx,.u. & (xlv ceey ‘Tn)v

:
LT

(X1y+ - o xy) = Fal,...,zn (Z1y e v oy Ty 4= 00, .00 20).

§ 4. BepostHOoCTH B (GECKOHEYHOMEPHBIX UPOCTPAICTBAX

B § 3 ranaset BTOpOIl MBI BHAEdH, KaK CTPOATCA pPas-
JAW4HbIE TPUMEHSIONHIECs B Teopud BePOATHOCTeH HoJs
popoaTHocTedl. MoskHO, OfHAKO, HpeicTaBuTh cebe WHTe-
pecHLie TaK:Ke W [IJis OpIoeHni mpob/eMsl, B KOTOPHX
pileMeHTapube COOLITUS OHpPeNeldsanTes ¢ IoMombio Gec-
KoHedioro umesa roopawmar. Mitak, mycers Buifpamo Mio-
skecTBO 4" uHAercon v Jicoil MoniocTu N. COBORYIHOCTH
BCeX cCHCTeM

W = {‘TV}

AeHCTRITEIRILIX YHceT 7, T/e v Ipoleraer Bce MHORECTBO
A7, maszomen mpocrpaHeTBoM R (jins ompeneiexus ade-
MOHTA @ TpocTpanctsa RV enelyeT RawmIOMy DIIesCaTy
v MAgHecTBA 4”7 MOCTABHTH B COOTRETCTBHE JeHCTRITENb-
HOQ MIIC10 Z, HJH, 4T0 TO Ke €aMoe, 3ajaTh OHpejerIe-
nyio na A7 ONHOBNAMHYI0 AEHCTBUTEILHYI0 (YHRIHD
x, pnaesenta v 1),

Ecau mmosrectso /7 cOCTONT W3 72 NEPBHX HATYPaJb-
nnx unmcex 4, 2, ..., 1, To R*" ecTh 06BITHOE N-MCPHOC
npocrpanctso R™. Ecan BrifpaTtsh B RauecTre MHosRecTsa -4~
MHOIRECTRO BCEX JeMCTBITeabHbx wlicesd RY, To coorsert-
eTByIOMee npocrpaictio R = RE' cocrout mna mcex

L Cp, @, Xaycpopd®d, Teopua muomecte, Iocrexusjar,
M., 1947,
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AeficTBUTeNbUBIX  (yHRUNIA
o = {z}

JICHCTBUTEIBHOTO TIEPEMEHHOTO f, — oo < t < oo.
MiosmmectBo R'Y npm mpousBoapmoyM MHoskecTBe A
MBI TpHMEM CCHYAC 3a OCHOBHOE MHomecTBo f2. Ilycrs
w = {z,} — oxemenr 2. Yepes T, v, (©) Oynex obo-
BHAYATh TOURY (&, Z,, ..., Z., ) R-MEepHOTO Wpo-
ctpanersa R'. Ilomimoskectso A m3 Q masosem yuauw-
Opuneckun MHORECTROM, €CHl OHO HpPEACTABHMO B (ophe

A=, (4),

e A' ects mommuoskectBo R*. Huace Beex OATHAPUYe-
CKIIX MHOKECTB COBHAJAeT, CJIEIOBATEABHO, € KIACCOM
BCEX TARHK MIO/KECTB, KOTOPHIe MOTLYT GBITh OMpefesTeHbl
COOTHOIIENNAMI BH/A

F(xo, 2oy .. o, x, )= 0. 1)

Hast Toro urofer mpoM3BONbHOE IIIHHIPUIECKOE MHO-
JReCTBO T, wyv, (A') ompeseanTs TAKMM cOOTHOMEHEM,

AOCTATOYHO WPHILATH 3a f ¢QyHKON©O, KoTopas Ha A’
paBHa Hymo, a BHe A’ pamma egunupe.
Hnamnapuyeckoe MImonecTBo sBJAsieTcss 6GOpeTeBCKEM
IMUIHIGIPHIECKHM  MIOH{@CTBOM, €CJH COOTBeTCTBYIOMES
mrosnectso  A' — Gopexescroe. Bee Gopenenckme 1m-
TUHAPHYECKHE MIO;KecTBa ') mpocrpauctsa R+ o6pasyior
anarebpy, KoTopas B jlaabneiimen Oyger ofosHavaTheA F N,

1) I3 BHIEUDPHBCACHHEX PACCYHKACHNI cienyer, 110 Gopenen-
CRIC HMATNUIPHICCKUC MHOMCCTRA — 3TO Te, KOTOpHe MOTLYT OBITL
ONpefiediCHEl DopesenckuyMu cootnomennnyu (1), yers Tereph A i
B — jBa miipApHuecKux MBO/ReCTBA, ONDefeNCHERX COOTHOIMIC-
BUAMUI

f(.rvl, cees xvn) =0, g (x}\l, veey xlm) = 0.

Torna muosectsa A - B, AB n A \ B MOMHO OnpefeiuTh
COOTBCTCTBEIHO CHAeAYIONMMHE COOTHONICHISIMU:

Fg=0, P+ g =0, F+h(g) =0,
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Bopenesckoe pacimmnpenie anreGpu F*° mu 00o3daun,

kar Bcerna, gepes o (F<°). MuoskecTBa 13 cucreMsl 6 (74)
MBI HASHIBAEM O0DEACSCKUMI MILONHCECMBAMY NPOCIMPAHCHL-
eéa R,

Nanee Gyner maH MeTOR AJIA HOCTPOGHNA M OHEPHpO-
BAWHS ¢ BEPOATHOCTHEMH QyH:mmamu ma F-° m, caeno-
BaTeJNBHO, [0 TeopeMe © TPOJOJIREHHI TakKe H HA
6 (F#°). B ciyuae CIeTHOCTH MHOCCTBA /7 IOJyTaenhie
TaKIM 06Pa3OM IOJs BePOATHOCTEN [0CTATOYHEL [JJIA BCEX
mereii. MM obnagesaey, CJeoBaTeNblio, BCeMH BONEO-
carif, WACAIOMIMHCA CTOTHON II0CHEOBATeNBHOCTR CAY-
wafinsx BesmTInn. Echud jue 7 HecdeTHo, TO TOTAA MHOIUe
npocTsie W WnTepecHsle momrHomecTsa R ocTaoTes Biio
cucremsl o (F+°). Haopmurep, MHOMCCTBO DBCEX DJIEMENTOB
®, LIS KOTOPHX x, upn JoboM BHOOpe HAjeKrca v oCTa-
ercs MeHbpUIe Kakoii-nmnGo HOCTOAHHON BeJamunnsl ¢, T. C.
moosrectso {w3 zy, < ¢, vV E A"} He mpHUAmIeKAT K CU-
creme o (F4°) B caygae HecdeTHeCTH MHO3KecTRa A

C/leoBaTeNBIO, BCECJla CTOUT AOOHBATBCA, EC/IH 3TO
BO3MOIRIO, IPHBEIEHAS BeAROM mpofaemsl K Takoil gopare,
UpH KOTOPOIl IPOCTPANCTBO BCEX BJIeMeNTapHIX coOmTHiI
® MMeeT TOJBKO CUYOTHOE MHOKCCTBO KOOpJAHMHAT.

Ilycrs Ha F ¥ ompepenena BeposTHOCTHAA PyHKIMASA P.
Kaiyo KOOPAWHATY %, OJEMEHTAapHOro COOHTHA ©
MOJKHO pACCMATPHBATH KAaK CAYTafiHY0 BeJAMIly. Cre-
[OBATE]DBIIO, BCAKAA KOHeuHasd [PYHAR (Zy, Zuy
.« . T, ) OTHX KOODIHIAT HMEET N-MEPHYIO BEPOATIOCT-

oy OyErmaio P, ., .. v, (4) B cO0TBETCTBYIOMYIO dynax-
wmio pacmpenenesusi Fu .y, .. v, (@1, @ - - .y @n). fero,
q9TO [JA BCAKOTO GOPENeBCKOTO MMWJINHIPHYECKOTO MII0-
7RECTBA

I § ’
A= 10, (4)

e h(z) =0 g z=0 1 A0y = 1. Fcan f i g — GopaacseKmo
$YHRURA, TO TAKOBRIMU JKe HBJSAIOTCH [+ g, ffgtu fPd k(o).
CrononaTexbno, 4 -+ B, AB m A \_B apiaawrca GopelJeBCKuvd (-

ARBHPUYCCKHMA MHOMKOCTBAMU. ITHM AOKA3AHO, T10 CHCTEMA MHO-
wecre FV ABnaerca aneebpoit,
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HMeeT MECTO PaBelCTBO

P(A) = P, on, (A,

Lrevay
npnuem A’ apaserca GopenepcKmM MHosmecTBOM B R™.
Taxmm obpasom, seposaTHocTHas $ynruus P oxmosmauso
onpeneiserca Ha axrebpe F° BceX UHMANHADHYECKIX
MHO/RECTB Yepe3 3HAYCHUs BCEX KOHEYHOMEDHHLIX DeposT-
HoCTHHX  Gyaruuit P, ., ., a8 BeeX GoPOICBCKHX
MHOIKECTB COOTBETCTEYIOMEro mpocrpancrtea R". Onmako
Bt GOPeNeBCKUX MHOJKECTEB BLHAYENHA  BePOATHOCTHOLN
¢ysxnun P, ., .., OZHOZLAYNO OHPCHEIAIOTCH wepes
COOTBETCTBYIOIMBE (YHRIMM pacupeneienns. Cienosa-
TeIbII0, MK JOKa3ajil CAEAYIONIYI0 TeopeMmy.

Teopewma. Cosorynnocme ecex KOHEUHOMC L HBLET
gynryul pacnpedenenus F,,_ ,, . v, 00HO3KAUHO onpedeasem
gepoamuocmnyio gynryuio P dasn ecex mnomecme uz FN,
Bepoammnocmuas gynryus P (no meopese 0 npodoasceniis)
onpedeasemes 00nosHauno Ha © (F) suavenusnu Pdynr-
yutl pacnpedesenus F.,,, .. .

Temeps MOKHO TOCTAaBHTL BOHPOE, TPH KAKMX YCI0-
BUAX a priori 3ajanHasA cHcTeMa QYHKUmH pacmpejeseHns

vt Ve, ooy vy OTPERENISIET BEpoOATHOCTD Ha §° (m, cuacoba-
TeAbHo, Ha G (§ ).

Cmepea ormetuM, 9T0 Beskan GYHKIUA pacupeReNeHms
Fyyo,..., v, HOTRHA YAOBIETBOPATE YCAOBHAM, JAHHEM B T1a-
Be BTopoi (§ 3, III), uro, komeuwo, COTEPIKATCH B caMOM
HoHATEN (YHKUUE paciipenenenus. Kpome roro, Beaencraue
Gopuyan (13) u (14) u3 § 2 umeior MecTo eme clegyomue
COOTHOINEHN A

f‘l
vix’ vfﬂ""’

Fv,,\/

tg?

Vi (‘7"1',7 Ly ooy xin) = Fvl, Vareie Yy (xl’ Tayeeny 'T'n)’ (2)
n

(‘T}v Lay o ony

Zreens Vg
= F"z, TR (1, Zgy v ooy X, + 00, . vy = 00), (3)

1, 2,...,n
rge k< n mu (

. . > — OPDOH3BOJENAX HOJCTa-
U1y 19y e e vy Ip
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HoBKa. 9T HeobXopmmble ycaoBusA, ONHAKO, ARAAIOTCA
TAKINEe N HOCTATOTHHIMH, KAK 3TO ABCTBYET U3 CJAELYIOLIeit
TEOPEMEI.

OCHOBHASfl TEOPEMA. Beakas cucmema Pyrr-
yuili  pacnpedeienus Foivy o ydosaemeopsiowuz
yeaosuam (2) u (3), onpedeasem 8EPOIMKOCIMIHYI0 PYHEYUI0

Ha FN, womopas ydosaemsopsem scem awcuomanm |—
V. Ima eepoammocmuan Pynryus P moxmem Gumv npo-
Gonscena (no meopeme o npodoasceruu) marice u na
3 (F).

Horxasareansbcrno. MHrak, oyers AaaH QyHK-
Wt pacnpegenenns F,, ., .. ., YIOBIETBOpsAomzAe 0BIHM
yca0BHAM raase Bropoi (§ 3, II1) m ycnornam (2) m (3).
Beskaa ¢yuxuua pacnpenenenns F,, ., . v, onHO3Ha"HO
OUPEeNeNACT COOTBETCTBYIOIYI0 BEPOATHOCTHYI0 (YHKIHIO
P, s, ..., vy BIISL BCEX GOPENEBCKEX MHOMKECTB 13 R™ (cp. § 3).
B panpueiimem mm Gypmem paceMaTpuBaTe TONALKO Gope-
TeBCKHe MHO;ecTBa R" v GopeseBckue HENMHIPHICCKUE
MHOKeCTBa B £,

HAna Bearore nmimmapmuecrkoro MmoscecTBA

-1
A = nv,, Veyiens vy, (A,)

nogaraey
P(A) =P, ... (4). (4)

Tak raw ogHo W To e NUIHHIPUYECKOe MHOMKecTRO A
MOJReT OBITH ONpE/IeIeHO 4Cpes pasinmdHble MHOKEeCTBA A,
TO My;KII0 CHAYaNa 0KasarTh, 410 goprmyaa (4) gaer veeria
Ofuilaronoe sHawenwe mus P (A4).

liyers (z,,, x,, .. ., Ty,) — KoUedHam cHCTeMa Cay-
Taiinbix Beandaud z.. Iexonst mz pepoarnocTioi pvHEuNn
P v, OTHX CTY9aflHBIX BEANTHH, Mbl MOEM, COTIACHO
apasmiaam § 2, onpemeants BEDOATHOCTHY10 (BYNKIULI0
P\,h' RPN Kol mopcucTesnt (:cvi‘, Ty s v :r\,,.k). Pa-

BerrcTBa (2) n (3) mMenT croRM ciexcTiHeM, YTO HTa ompe-
Aenendas mo § 2 pepostHocTHAA PYHKUEA copmamaer ¢
apriori sajaHHON QynKuumeit Py v, o Mur remeps nmpes-
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IONMOMNM, 9UTO NUIUHAPHYECKOE MHOMECTBO A onpenpe-
Jas1eTcAa 49epes

A=}, (4%)

Vie iz""’v’lk
I OJHOBPECMCHHO depe3

-1 ”
A = JTv‘v-’, ivveey Vi (A )y

mpudeM Bce CIyYailHbie BeNIUHEL T, H Ty, MPHHALIEKAT
cucTeMe (Zy, Tu, - - - Ty ), 410, OUEBH/IHO, HE ABIACTCH
CYICCTBEHHEIM OrpaHU9eHHEeM. ¥ CJI0BHA

(xvi‘, Lo inss xvlk) =4

u
”n
(C S xv].m) =4

papHo3Hadamu. Craemgosarennuo,

Pviw e Vi (A =P, ... v {(‘Z‘*in Ty e xvik) =4} =

= Pv,, V25000 vn {(xvj‘y xv]-z’ vy xv’m) EA”} = ijx' V]'z""' ij (A”)1
49To [0KAa3blBaeT Hallle YTBEeP:KIeHHe OTHOCHTENBHO OJ[I0-
sHa9HOCTH ompenexenmsa P (A4).

Hoxaxem Temeps, uro mosie BeposaTHocTed (L, F4°, P)
yaosaersopsaeT  BceM awcumomaM I—V. Axcmoma I
yTBepmgaeT TOJAbKO, 9T0 F " momkHa GrITe anreGpoi; aro
obcroaTenneTBo (3a uekI0Uennmem Tpebopanma Q & §F )
Ouio yme pgoxasamo seime. Jlanee, npu noGom v & 4°

Q = 7' (RY,
P(Q) = PV(RI) = 1,
aro fokasmpaer mpumenmMmocTs axcuosm 1 m I, Hakomer,

ns onpepenenna P (4) memocpeacrtsenmo ciaegyer, wro
P (4) wpeorpunaresssa (axcmoma II).
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Heexoapko cilojKHEee [ACKa3pIBaeTca NIPUMEHHMOCTH
arcmomut 1V. Jiag orofi meam paccMOTpuM JiBa H¥IAHADA-
9eCKHX MHOHeCTBa

A=, Vi (49

L | ’
B = n,; (B").

, V]‘z,..., ij

Hpﬂ STOM MBI OPEeAIoJIO;KIM, TTO BCE BEJINYMHLI .’ILJI it .1’,;].

ApRHAMJIEKAT K ofpeMiIOmell HMX KOHEIHOH cucTeMe
(Toyy Xusy - - - @ ). Beam muomecrsa A n B ne nepe-

CeKaloTCs, TO COOTHOILCHUSI
’
(x‘,h, vy xvik) = 4/,
@osyoe 9, YEDB
i1 im

necopmectur. CienopaTeibyo,
P4+ B)=
=P, ... - {(x\,il, Ly g x«,ik) = A um

(xvj‘, Ty e s Ly ye= B} =
m

j2?
= Py, vy ey 9 {5 Ty e xvik)e A’y 4
Py vy vy, UTjs Togs o x‘,jm) & B’y = P(4) - P(B).

Ocraercs nmpopepmth axcmomy V. Iycrs
AADAD..DA,D. ..
— y6mBaOmad NOCJIEFOBATENLHOCTH — IMJIHHAPHIECKIX
MHOHECTB, VIOBJETEOPAOMAs YCIOBLIO
limP(4,)=L>0.
n

Mul moxaskeM, 9ro IepeccueHHe Beex MHEOxecTs A,
we nyeTo. Moskuo 6e3 CYmECTBCHHOrO OrPaHHICHUA NOCTa-
HOBKE BOLpOCA NPENONOKATb, 9TO B OHpejeNeHue n
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nepBuX HUIHIIPDHYCCKHRX MHORRECTB Ak BXOJOAT TOJBKO N
oepBsIX KOOpAHHAT IIZ\.,_ nocjaeJ0BaTeNIbHOCTH
19

Loy Logy ooy Tugy o v oy
T. €. 4TO
-1
4, = TCof, Vi ey i (Bﬂ)‘

Tlonommy ina KpaTKoCTH

P.(B)y=2P,, ., (B).

vy Yy

Torpga, oueBuHO,
P (B)=P(4)>L>0.

B xammgoM MiossecTse B, MOKIO Halltg 3aMRHYTOE OTpa-
Hugen#oe MHo:ectso U, Taroe, 9T0

mmxm<%.

I/I3 JTOr0 HepabBeHCTBa OJIsg MIIOKECTBA
-1
Vn == T0yy, vay vey o (Un)

cjaeayer HeEpaBencTso

PANV) <57 - )

Iycre panmee
W, =VV,...V,.

W3 (5) cmemyer, uTo
PA,\W,) <&

n Tak Kak
X7
“{/ Ilg—: VTL(; An’

TO
P(Wn)/>/ P(Ar) _8>L—S-

FEcau e gocratouso majyo, To P (W,) > 0 m mnomectno
W, ne mycto. Mt snbepem Tenephb B KamIOM MHOMKECTLE
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W, Touky o™ c¢ koopammatamm x.". Beswas ToTra
o p=0,1, 2, ..., OpADALIERAT MHOKecTBY Vi,
cAeIoBaTeAbIo,

(utp) (D) rpy -1 N

(3“‘11 ] lL«,z 9 ety 1‘1“ ) - n'al, Y2y aesy vn ((O(r1+1)’) E LT,»L-

Tar rak smpomecrsa U, orpanudenHs, To U3 HOC.I1e10BA-
teapocT {®M} Moo (JaromadnHpiil MeTon) BHOGpaTh
TO/I10¢/1e0BATEIBIOCTh

o, o), o™ L,

o (n;)
JISL KOTOPOi  COOTBETCTBYIONUE KOOPAUHATH Z, —CTDe-
HATeA TIpH M060M & K onpeetedHoMy npefeay xy. Hycts,
HAKOHEI[, O — TOoURA MHo;KecTsa £2 ¢ KoopjUHATaMi

Loy = Ly,
z, =0 (vavg, k=1,2,.).

Touka (z,, ¥y ..., &) Kax Ipefe’d HOCTELOBATEIh-
FOCTH (x(lﬂi), x_(zni), C e x;"i)), i =1, 2, ..., OpUOAIeRNT
muokectBy Uy, CaemoBaTenbHo,  HPUHAAIEKAT MHO-

TKECTBY

; -1
A/\- ; I/h” = ﬂ\),, V230005 Vo (Uk)

npu aobom K, a caemloBaTeInbHO, M K TEpeceHeui
A == ﬂ Ah"
k
Teopema npoxaszama.

§ 5. OKBmBaJIeHTHHIe CIydaiinble BeTMIMHEL,
pasHble BUMIbI CXOJUMOCTH

C aroro maparpada MBI paccMaTPUBaeM HCKIIOIHTEIIL-
no Gopeaescrkue Toasa BeposTHOCTER (£, &, P). dro ne
jelaer, Kak OBLIO yiKe pasbacHeHO B § 2 TiaBHl BTODOIi,
HUKAKOTO CYIMECTBEHHOTO OTpaHHYeHHA AJAsd Halinmx He-
cJIeTOBaHAM.
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Oupeneaxeunue [. IBe cayuafinnie BeruunHm &
I 1 Ha3HBAWOTCH IKGUEAICHMHLML, eCII BepoATHOCTD
COOTHOMEHUA & 7= 1 paBHa HYIIO.

HCHO, YTO ABES DKRBIBAJCHTHBIC cnyr{aﬁHme BOJTUYHIILE
HMEIOT OJ[HY H TY JKe BePOATHOCTHYI0 (DYHKLHUI:

P (4) = P, (4).

Cnenosarenpuo, ¢ynruun pacmpetesemns F, n F,
Take COBNagalnT. Bo MHOTHX Bompocax Teopuu BeposaT-
HocTeil MeHO 3aMEHATH KaKyio-nubo cayuaifiHyio Besu-
UUHY M000# IKBHUBAJEHTHOH efl BeJHIMIOH.

Ilycte temeps

gl! §21 L ] gn’ L] (1)

~— TOCHBJOBATENBHOCTh CAYUAIBEIX BeamumH. Paccmor-
PHEM MHOM¥eECTBO A BCeX dJjeMEeHTADHHIX CcolwuTHd ®, AAA
KOTOPHX mocaenoparensuocth (1) cxommrca. Ecam uepes
Ay ofosmaunth MHOMECTBO BCEX ©, NAS KOTOPBIX

BBIIIOJHANTCA BCe liepaBeHcrTBa
E Lok=1,2
Ibn+k—gnl<77 t=1,4.,p
TO HEIQOCPEJACTBeHHO TIoJy4dYaeM, 4UTo

A= U N4 @)

m n p

Cormaco § 3 wmmosmectsa AY),) mpumagiemaT Bcerma
s-axaredpe muosrects 7. Coornomenne (2) morassiBaer, uTo
muosrectBo A Tarske npumHagaemut §F. Caegosareannc,
Beerga mAleeT BIOJHE OOPEeXeJeNHBIH CMBICA TOBOPHTH
O BepOSITIIOCTH CXOTUMOCTH TOCHEeNOBATEABHOCTH CJY4aii-
HBIX BETHMYIH.

Iyers rtemepn nepostwmocts P (A) muomectea A
panna cqimunue. Torma Mil yTBepsgaeM, 4TO MOCIEKOBa-
Tea6H0CTs (1) crodumesn ¢ sepoammocmoio edunuya K we-
KoTopoil cayuafimofl BeqmumHe §, KoTOpas ompesessiercd
OHOSHAYHO € TOYHOCTHIO [0 HKBUBAJEHTHOCTH.
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Haa pocrpoenus aroil cAYYaliHOA BEJNIMHE ToJda-
Taeu

= lim§&,

sa A n £ = 0 sre A. Hax nano moxazars, uro & — cay-
uaiillag BeJHUIHA, T. €. 4To MuoskecTBo A (x) dJeMeHTOB
o, 1 xoropux & < z, ppubagaemur airebpe F. Ho

A(x) = A%} (p]{o): Enyp < 1}

p cayuae < 0 =&

Al@Ry=A Nto: &up<lay + 4
nop

B IPOTHBONQIOIKHOM cJaydae, OTKYAa HEnoCPe/ICTRenHO
cnenyer Hauie YTBep:kjenie.

Onpepenenune Il. Ecim BeposTHoCTh cXopu-
MOCTH HOCHeNOBATENbHOCTH &y, &y, . . . K § paBHA eiuHUIE,
TO MBI TOBOPHM, UYTO 9Ta LGCACHOBATeNBHOCTh NOYMU Ha-
6epHOe CXONUTCA K &.

Onmako A TeOpUHm BepOATHOCTel, HoOMkaayi, eme
BajiEee JpYroil BHJ CXOQHMOCTH.

Onpenenenune [II. Ilocaegosarensnocrs cay-
QafiHHX BenuduH &y, &, . .. CXONHTCS NO 6EPOAMHOCIU
K caywaiinoit Beamumue &, ecam pas aboro & > 0 me-
POATHOCTE

P{lE, —E1>¢€}—>0,
npa n—> ocol).
1. Ecan mocaegosareasHocts (1) cxopmresa mo Bepo-

ATHocTH opmonpemenHo K § u k £, 7o § 7 &’ onBmBamenTyLI.
B camom pnedte,

Ple—81> ) <P{E—&lI>5)+
+P{E—tl>5)

1y Sro weusTHe BGCXOAUT B OCHEOBHOM eme K Bepmynam, on-
nako 5 uojHe# ofmmoctr Gwio Beencuwo E. E. Caynxmm (cp.
Slutskylil.



§ 5. OKBUBAJIEHTHBIE CAVUYAUHBIE BREJINYIIHBI 55

Tax kar pociefuue BepPOATHOCTH IPH MOCTATOYHO 6OIMb-
oIoM I CKOJBKO YTOJHO MaJbl, TO OTCIOfA CleiyeT, gTo

Ple—8(>—] =0,

m

H, SHAYAT,

PEFE) <SP {E—8 >0} =0.
12
II. Ecan muocnemoBarensnocts (1) mowtn wasepitoe
exonnTes K §, TO ofa CXONHTCA K § TamKe m Mo peposr-
HOCTL.
Ilycts A — MuosRecTBO CXOAAMOCTH ILOCTSI0BATE b=
Hoctit (1). Torpma

T=PA)<ImP &y —E]<e, p=0,1,2,..1
\<\lirﬂp{lgﬂ'—'§|<8’}’

OTRY[a CHeAyeT CXOAAMOCTh [0 BEPOATIOCTH.

IT{. J{"sA ¢XOAMMOCTH HO BEPOATHOCTH LOCIEOBATEN -
roctu {1) meoBxoMuMO W HOCTATOYHO CIeIYIOmEe YCIOBUL:
mas mioboro & > 0 cymecTnyer Takoe r, 9T0 A Ka-
noro p > 0 mMeerT MeCTO HEPABEHCTBO

P{|§n+p_§n |>8}<8.

Hycers  remeps  F (z), Fy(x), Fy(x), ... — dpymxmma
pacapejiesienns caydanunix peanuuH &, §;, &, . .. Ecun
HoC/iefloBaTeNpocTsh &), &, . . . CXOUTCA IO BePOATHOCTH
K &, To ¢yurnua pacupegenenus F (z) onmosnaumo oupe-
neaserca smanMem Qynruuil F, (x), Tak Kaxk mMeeT mecto

Teopewma. Ecau nocaedosameavrocinn £, &
cxodumes no eeposmiuocmu k&, mo nocaedosamean-
Hocmb coomeememsyiowjur @ynryuil pacnpedeaenus F, {x)
cxodumes k Pynrkyun pacnpedeaenus I (x) cayuaiinoi
ceawuuny § 6 wawcdol moure nenpepuwsnocmu F (x).

Howrasarteancrno. Tor darr, uro [ (2)
peiicTsaTenRo oupenensiercss wepes {F, ()}, caenyer
13 1ore, 910 F () kar nenpepuBnas caeBa MOHOTOHHAS
QYHKUHUA  OAHOBHATHO OOPCHCHACTCS €e  3HAUCHHAMU
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B Touxkax mHempepmpuoct: !). [laa morasateancrBa yrBep-
JKAEHNS 0 CXOMMMOCTH MHBl IIPEITOJOIKHM, UTO & ABJISLTCH
roukoit wmempepmBroctr F (z). Hycrs z'<{x. Toraa
B caysae £ < ', &, > z meobxommmo [, — &[> 2 — &',
CnegoBartenpHO,

IimP{E <2, >a) =0,

Fa)=PELa}<<PE <2 +PELE, 8> 2) =
= Fn(x) + P{§<xly §n>x}7

F(z)y<limintF, () + lim P {§ <L &', E, >},
F(z") <<liminf F, (7). (3)

AQaNoTHYNO NOKA3BIBAETCHA, UTO ecim z' > Z, TO
F (z") > lim sup F,, (). (4)
n

Tax wax F(z') m F (z") npn o’ § z m 2" | x crpemarca
k F (z), To m3 (3) m (4) caegyer, uTo

lim F, (z) = F (z).

Teopema poxasaHa.

1y B camoM pene, OH& MMEeT caMmoe fosaniee WML CIETHOS MHO-
ecTBO TOUeK paspmBa (cp. JI e 6 er, MHATerpupoBamue U OTHCKA-
HHe NPEMUTHBEEX Qymxumi, 1934, ctp. 70). IlosroMy TOYRA mEnpe-
PHBHOCTH JieKaT BCIOLY IJIOTHO, M BHAYEHWE $ynxumn F (z) B TOUKe
paspHBa oUpeneNAeTcs KaK mpejell ee 3HA4YeHUI B JeyKalluX CJCBa
TOYKAX HeNpepPhBHOCTH.



IV, MATEMATHYECKUE ORKUTAHUA

§ 1. AGcrpaxTabie murerpanst Jlebera

Ilyers & — cayuaiimaa senuunnEa m A — MIO;KECTRO
m3 § '). ObpasyeM RiAs IONOUTENBHOLO A CYyMMY

“+c0
S= 2 MPIA<EE+DMNA ()

k=—oc0

Ecan sror pap abcomorno cxommres mpm Jdiobom A, To
npu A — O S, crpeMMTCS K OTIPe/eJCHAOMY Hpefeay, Ko-
TOPHI DO ONpefedeHUI0 €CTh HHTerpad

§£(0) P (do). (2)

A

B osroit aGerpakTnoit dopme momarne mHTerpana GOm0
speneno @peme ). B wactoOCTH, OHO OKasmBaerca me-
o0XouMLIM IS TeopmH BeposATHocTell. (B cmegyomux
naparpagax umTaTelb yBHAUT, 4T0 OOHYHOE ompenenc-
IIA¢ YCJIOBHOTO MATEMATHYECKOTO ORMAAHMA BEJMURME £
npu ramnorese A coBUagaeT ¢ TOYHOCTHIO 4O HOCTOAHHOTO
MHOKHTeNsI ¢ ONpefelenneM unrerpana (2).)

Mp pammM spgece KpaTemii mepeuenb BayRHeHmuX
cBoficTe mHTerpanoB ¢opmut (2). Uumratenr naitmer nx
JI0Ka3aTeNLCTBO B KAIKIOM yieOUMKe MO Teopum (GyHKOMIA
HEeHCTBHTEALHOTO  HEePeMeHNoro, XoTA omn  Goakmeit

'y Rak Onno yunoMsiEyTo B § 5 TAaBH TpeTheil, MH paccMaTpu-
BaCM B 9TOH M BO BCeX LOCHeAYIOUIMX T[JaBaX TONBKO 6openesckue
10J1A BePOATHOCTeH,

) Fréchet, Surl'integrale d’une fonctionnel étendue 4 un
ensemble abstrait, Bull. Soc. Math. France, T. 43 (1915), crp. 248.
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gacTLI0 HPOBCIEHH A1 cJyuadm, vorfa P apagercs meGero-
Boit Mepoit muossecrs B R". llepemeccmme oTnx JloRasa-
TeARCTB 1Ha ofmuil caydail He mpeacTaBageT HIKALKOK HOBOIT
MaTeMaTHIecKol 3a4aul; oHH ocTaTes Ooanmieli 4acTHIO
[OCJOBIIO TeMIi sxe ').

1. Ecam cayuaiinaa peimauna § mATerpupyeMa ia A,
To OHA MHTEIPUpYeMa Ha KaRZOM mojmioskectne A’ 13 4,
npuoHagaesKameM §F .

I1. Ecau & mmrerpupyema ma A m A pacmajgaerces Ha
e GoJsiee gea CUCTHOE WMo HellepecekalnmIixca MHOKeCTD
A, ns F, 10

(2P o) =2 { E(0)P (do).
A n An

I1I. Baecte ¢ & uarerpapyest ncerfa o | § | ITpm aronm

l§§(@)P(dm)l<§|i(w)|P(dm).

IV. Eciau [nsA Kaskjoro © BUIOJAHAIOTCH HepaBenctsa
0< (o) < E(w), To BMecTe ¢ §(») wmuTerpupyema
rayske nm peamumua 1) (®) %), m mpu JTOM

{n(@)P @) < {E(@P @a).
A A

V. Eem m < E(0) < M, npades 1 m u M — upe
moCTOARNELIE, TO

mP (4) < (£ (0) P (do) < M -P(A).
A

VI. Ecar & (0) nn (o) materpupyemer, a K 1 L —
ABe JfeiicTBHTe/bHbE TOCTOAHHEE, TO crydaiiHasg Be-
amamua KE (o) -+ Ln (w) raxske uHTerpmpyeMa, W IpA

1y CM. OHTUDPOBAHHYIO HA CTP- 11 pury A. H. Konmoro-
posa m C.B.®domuma.

%) [ipu pTOM IPeAmOIATARTCH, 4TO M (@) — cayualfpas Besmau-
2, T. ©. B TePMHHOJOrHH o0ulell TEOPUH UUTCTPHPOBAHI OHA M3ME-
pUMa O OTHOMEHMIO K K.
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oTOM
$ K2 (0) + L (@)1 P (do) = K (& ()P (do) +
A A

+ L S 1 () P (do).
A

VII. Ecan pag
|En (@) | P (do)

XN

n

cxonuTea, 10 pap

ZEn ((0) == ‘:((‘))
7
CXOONTCA B I{ﬁ?]\'ﬂOﬁ TOYKEe MHO;KeeTBa A C TOYHOCTHIO 1O

HEKOTOpOro Muo;kectBa B rtakoro, uro P (B) = 0. Ecau
sae muomectea A \ B noaowurs E (w) = 0, To

§e@ P o) = 3 (&, (o) P (d).

A n A

VIIL. Ecan § (o) u 1 (o) oxBmBanenrms, P {§ (0) %=
7= N (o)} =0, To qna Kamzoro muosesTBa A mH3 F

§e@P o) = {n@Po). 3)

A A

IX. Ecnu (3) mMeer MecTo IIsl RasKjoro MHOKECTBA
A mns F, 10 £ (0) 17 (0) 9OKBEBAJIEDTHHL.

W3 pumeymoManyToro ompejenenns mHTerpaia nony-
MaeTea eIne CJENYION[2e CBOMCTBO, KOTOPOro HeT B o6nIu-
ueit Teopuu JleGera.

X. Iiyers P, u P, — nipe BeposrumocTHue $yHKIHN,
cHpeficiienHnle Ha ofHo#t m Toif ke c-anrebpe F, P =
=Py + Py, u &£ = [ (0) mmterpupyema na mmosmecTse A
ornocnreanno Py u Py, Torma

§2 ()P o) = (&(0)P, (do) + {2(0) P, (do).
A A A

X1. Benkas orpaHmduendas cayyalinas BeNuumua mi-
Terpupyema.
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§ 2. AdcomoTHbIe M YCIOBHbIE MaTeMaTHYECKHE
OKANAHHA

Hycrs & = E (0) — uurerpapyeMas ciaydaiiHas Be-
amuwmiza. arerpaa

Mg — Sa(w(dw

HA3pIBAIOT B Teopun BOpOHTH{)CTBH Mamemamuieckum

oxcudanuem BEININHL §.
Uz csoiicrs 111, IV, V, VI, VII, VIII, IX cuxenyer,

qTo

L ME|<KMIE];
I1. Mn<CME, ecan 0 < () <& (o)
II1. inf§ (@) < ME < sup & (m);

IV. M(KE -+ Ly) = KM§ -+ LMy
v. M (D) = ZMbn, ecau paA XM, | cxoures;

VI. Ecau § ¥ 1 9KXBUBAJEHTHH, TO
ME = Mn;

VII. Bceakas orpanuueHHasg clydaidHas BejJiMIHHA
HyeerT MaTeMaTHUeCKoe O:RuIaHue,
Ilo ompepesenuio HMHTerpaia

-0

ME = lim ] AP (kA <E(0) < (k + 1A} =

0 fon oo
—+o0
=1lim D) kM [Fs((k -+ 1)A) — Fz (kM)

A0 fp—— oo

Bropasg CTPoKa €¢Th He 9T0 MHOE, Karg oJwlTHoe ompeie-
p ped

00

senue uurerpada Cruarseca \ng(d.L‘). Hoaromy

—x

§ 2F; (dx). (0
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®opmyna (1) Mosxer, clemoBaTeNBHO, TaKe CIYIKUTH
OIpejesieHIeM MaTeMATHYECKOr0 OMHIAHHA ME.

Hyers Temeps & = E (0) — dpynkuua aJeMEeHTapHOro
cobuTHs ©, a W — caydalfiHas BeNuWIWHa, ONpeieleHHAsN
Kak oxamoswagnas gynruma or §: 1 = n (&). Torxa

P U< << (k+ DA} = Py {2k h < n(2) <
<(k + 1) 4},

rae Py — BepoarnoctHaa ¢ymkmus E. Orcrona caenyer
IO OHpe/le)lelINi0 HHTErpada, d9To

{nE@)P @) = §n() P (dz)
Q X

B, CcJefoBarelbHo,

M= {0 (@) P; (da), )
X

£ae X 03HAYAET MHOKECTBO BCEX BOBMOYKHHEIX BHAYCHMII E.
B wacrnocrn, worma & = & (@) sBasercs CAYYalH Ol
ECJIUYVHOH, TO

M= {nE @) P @) = (@) P (dr) =
Q R

oo

= {n@F@). @

—00

Hocnenumit murerpan » dopamyae (3) spasercs B caydae
HCIPePHBIOCTH QynKuu 1 = 1 (z) OOLIKHOBEHHHIM HH-
rerpanom Crumatbeca. Ojmako oTMETHM mpH dTOM, 9UTO

HHTEerpan
o

§ (@) e (dx)

MO3KeT CYMEeCTROBATh TAKE H B CJIYYae 0TCYTCTBUA Mate-
MaTHIeCRoTo oupanusas M. Jlaa cymecrsopamus Mn
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meo6xoAmMa H JOCTATOUHA KOHETHOCTH WMHTETpaia 1
o0
{ 1@ F: @),
—0
Femn & = (&, &, ..., &p) — caydailHasg TOURA UPO-
crpancrea R", To Bcremcrsme (2)
Mn = \

g S T](fl'l, Ly oery ‘T'n) piu B2yen By (dxh seey dxn)' (4)
Rn
M yiwe pmmenu, uto ccan P (B) > 0, To ycixopHasn
peposTHocTs P (-] B) ofmamaeT BCeMH CBOUCTBAME BEDO-
ATHOCTHON QYHREUHM (IpH 3aKPEIICHHOM MHOKCTRE B).
CooTReTCTRYWOINANR HHTErpas

M(E|B) = (&) P(do|B) (5)

Q

Y

MDI TIABHIBAEM [CAOBHUM MAMEMAMUIECKUM 0XCUOAHUEMN
cayuaitnoil peamamaE § = § (0) orHocMTedbHO COOLITHA
B. Tar ranr
P(B|B)=0,

(2@ P@o|B) =0,

T
to na (D) crmeayeT paBencTBO
M(E|B) = Sg(m)P(de):

Q

= (5@ P@o|B) + L@ PEo|B) =
B B

- 1§§((0)P(dm|B).

Bemoyuus, 910 B eaysac A & B n P(B) > 0

P(AB)y P(A)

PAIB =FF —Fm)

1y ¢p. V.Glivenko, Sur les valeurs probables de fome-
tions, Rend. Accad. Lincei, T. 8 (1928), crp. 480—483.



§ 3. HEPABEHCTBO YEFBBIIIEBA 63

Mbl TQAYyYaeM

ME|B) = 4

P(B)

E (o) P (dw), (6)

Ay m'/“u

P(B)-ME|B) = \E(0)P (do). {(7)

ot

Uz (6) u m3 pasencrtra
X £(@) P (do) = SE(m)P(dw)-% g&(m)P(dm)
4%B A B

clenyer, HAKOHPOL, YTO

PLAYME| N -P(RMEB)

M(E]A 4 By = LS, .8

B wacraoctn, ecan 0 < P (4) < 1, 1o umeer mecro dop-
MyJaa

ME = P ()M (E | 4) + P (DM (& |4). (9)

§ 3. Hepaoeuerso Yelnnmena

llyers f = f(z) — meoTpunareasnas ¢ymkuuma pneii-
CTBUTEJIBHOTO apryMeHTa , KOTOPASL UPH Z > 4 0CTaeTca
ne messme b > 0. Terga nua mobeit cayvaiinolt Bermauisn

£ =E(0) W)
Pt (o) >a < HE (1)
(npepuonaraeres, 4To MaTeMaTHUECKoe OHaHme Mf (&)

CYMECTRYeT).
B camoMm gpeane,

M@E = {ENPUED> | 7E@)PE)>
Q

{o:i(w)zal
> bP (€ (0) > a},
OTKYIa HenmocpemcTBeHHO caepyer (1).
Hanpumep, na4 x060T0 TOZ0/XATENABHOTO ¢

<E
PiE(0) > a) <25

(2)
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Ilyers temeps f = f(x) — HeoTpnmaTelnpHasg, YeTHad
U IpH TOJIOMUTEIBIIOM £ HeyOHBalollaa ¢ynrnud. Torna
LA KagRI0d coiydaiiHoO# Bejmunanl § = § (w) n mpu Jmp-
Oom BriGope mocrosAHHOM a > 0 HMeeT MecTo uepaBeHcTBO

= ~ M/ (¢
PUS ()| >a} < ,f(éi). (3)
B gactuocty,
& M/ (5 —
P{]E—Mgf>a}\<\—(—;’(—a)M—E). 4)

Oco6o BaubIM ABIgeTca caydait f(z) = z2. B artom
ciydae us (3) moxydaem Hepasencmeo HYebvluicsa

PlE()| >a <l 5)

Ns (4) maxommm Ttamse, uTo
M(E —MER  OF
PUE— My >a < BEZME B (g
Beanuuny

DS = M (§ — ML)
HAa3BIBAT Jucnepcuell caydaiimoit pemnguiu §. Jlerko
HOACYATATh, 9UTO

DE = ME* — (ME)~
Ecan ¢ynxuus f (z) orpauuuena,

17 (2) | < K,

To P {]E(w) | > a} Momuo omemarr TaEC W COHSY.
B camom pede,

M E = (fE©)P@o) =
Q
= | reonran+  { jEePrde<

[CHHEGYELY o [E(w) =a}
<T@ P{E(0)| <a} 4 KP{[E(0) >a} <
STH@) 4 K-P{{E(0)[ > a}
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N, ClefoBATeNbHO,
M/ (Z) —
P{Ig(m)l>a}>_MKA’L). -

Ecmn symecto orpammuenpocra Qyaxman f (z) ooTpa-
60BaTL OTPAUMYEHIIOCTH CAMOH CIYIARHON BEIMIUM DI

£ = (o)
1€ (o) | << M,
10 f (E (0)) </ (M), n Byecto (7) Mur moxygaen dopmyay
MiE)—f(a) ¢
fon ®)
B cayuae f(2) = 2 u3 (8) maxonmm, 9ro

PUE@)]>a) > M 9)

P{E(0)]| >a} >

§ 4. Hexoropsie npusuaxm exomyocTa

Tlycrn
8y Ba v vy Buy e (1)

— HOCAC0BATeNBHOCTh  CIYyIaflHBIX  BeJHYHH, W [ =
= [ (2) — HeoTpUIATETBHAS 9ETHAS H IIPH IIOJNOIKATEN b-
MOM 2 MOHOTOTIO BodpacTaomasn yurmus ). Toraa copa-
BeJINBE  CAEAYIOIIHEe YTBEPIKIeHHs,

[. Jlns e¢xonuyocTn moCIeN0BATEIbHOCTH (1) no sepo-
ATAOCTH JI0CTATOUNO CAENYIOMee YCIOBHE: AJIA Kakaoro
¢ >0 cymectsyer Taxkoe n, 4TO FAA Kamgoro p > 0
CUPABCAJABO HEPaBEICTRO

Mf (§n+p - gn) < e. (2)

I, Jlna cxopmMocTn Ho BEPOLTHOCTH HOCIENOBATENb-
noctu (1) k caywaiinoil Beamamue § mocTaToumo ycJsosme

lim Mf(E, —§&) = 0. )
n-+4o00

!y Cuegosarensno, f(x) >0, ecau z =% 0,
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111. Ecau f (2) orpanngena, Henpepuipua u f (0) = 0,
70 yeaornsa I n Il apasores Taxike m 1eoOXONMMBIMH.

1V. Ecau f (x) Henpepuisna, f (0) = 0 u sce cayuaiinne
1. IITH U

§7 Elv E'Zv L

CTDAHHMYEHH B CBO€H COBOKYDHOCTH, To yernosmsa 1 wu 11
SBIANTCA TAKKe H HeoGXOIMMBIMMU.
s 11 n IV caenyer, B wacruocrH,
V. O35 ¢X0puMOCTIL TI0 BEPOSTHOCTH HOCICHODATeNE-
veett (1) K § JloCTATOYHBIM ABJASICTCA YCJIOBME
lim M (5, — £)? = 0. (4)
n—>00
Fean mpu srom E, &y, Es ... oOFpanumuens B cpoeil
COBOKYITHOCTH, TO 5TO VCIOBHE HBAACTCH H HeoOXONMMbIAL
Horazarenserse yrpepsgenuit I—IV car. B paborax
Slutsky [MIuaFréchet [1]. Bupouen, ati Teopers
CHEAYIOT [OYTH HEHOCPeACTReHHO M3 dopmyn (3) m (&)
DPeIecTBY10Mero maparpada.

§ 5. JIngdepentiuposanne M HETErpHpPOBAHIE
MareMaTHYeCKuX OKuJaEMi no napamerpy

TlyeTs RaskmoMy sjeMenTapHOMY COGHITHIO © HOCTaB-
JjieHa B COOTBETCTBHE OUpe[eliCHHas BemecTBeHHas Qynk-
nes §, (0) peficTBHTeNBHOTO TeEpeMeHnoro f.

Onpepeanenue. Mu roopum, uro § = {§, (o),
— o0< t < oo} ecTb cayuainas Gynryus, €cIU NP
KammgoM {QurcupopaHHoM ! BexmuyuHa £, (0) smapasaercs
CAyYaiiHOll BeJuYnHOH.

BoammKaeT ToTa RODpPOC, DPH KAaKHX YCIHOBHAX 3HAK
MATEMaTHYCCKOT0 OIRUNAHUA ABIACTCS IEPEMECTUTENLEHLIM
co 3HaKaMU HHTETpHpoBanua = xuddepeHmUpOBaHEHS,
liBe caepyiomue TeopeMmbl MOTYT, HE MCUYePILIBAS BCET
ppobieMsl, HaThk BO MHOTHX NPOCTHX CJIY4afX yHoBJer-
BOPUTEJBHKI OTBET Ha 3TOT BOIPOC.

Teopewma I. Ecau dan awboco t mamemamuuecroe
omudanue ME, (o) koweuno, §, (o) Juddepenyupyena
2 (w

i no ab-

(ro t das ecex ®) u npouseodnasn & (o) =
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COLIOMIONY  SHAUENUIO  6cecda  MEHVE HeKOmopol onpe-
deacHnon nocmosunoil, mo

L ME, (0) = ME (o).

Tecopenma ll. Ecau & (o) no adcontomuony sria-
UeNUIO Goeedq OCIRAPICA MEHLWE HEeROMOpPOl ROCIoANID i
A w urmeepupyema no t 6 cumeae Punana, mo

’
3

r .
P P | i
, !‘A%, (u))ulf = MILQ Et ((')) dt,
« w -
ecae moasno ME, (@) numezpupyeno ¢ cumcae Pusana.
AO0xasaTeanreTBo Teopemu I Tpexte
BCOTO Baserus, uTo §; {©) rar opejed eayaliauix nenun
Eron (©) — &, (0) A 1 i 1
) P T T

ABAACTCA caydaiiHod senmunnoit. Taw war §f (o) orpa-
B,  TO  CYMECTBYeT MaTeMATHUecHOe  oilijauie
ME (o ) (UBOI?ICTBO VII maremarTngecrux o:mmmaumit wa
§ 2). Brbepem Temeps mocTostumoe ¢ M 0503HAUMM gepes
A cobnitne

{o

I)epO'iTH()CTI) P(4) crpesnress x myao upu h— 0 gan
modoro & > 0. Tar xax peerga

Eron (@) — &, (0)
h

E»Hh (“)) - (0

SIS

[& ()| <M
I, KDOME TOrO, B CAydYae o & A

£ () —E (w
' Hh,( ) C.»,( ) <8,

e —E )
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TO

iMz_Hh ©O=M@ (m)’ -
W NG LT NN )l=
=Pym{[2222 O )] 4]+

+P(.Z)M{

E-+l( ) a( ) ’ -
L___h’m_ __gl(@)HA}<
<2M-P(A) +e.

[Mocxkonsry e >0 Moo BHOpaTh NPOM3BOJNBLHO,

a BeposATHOCTB P (4) cKolb yrogmo Majla mpu AOCTATOUHO
maJiom h, TO

ME, (@) == lim

ME, )y (0) —~ MZ, ()
h—0 h

= ME (0),

4T0 B TpeboBalloch [OKa3aTh.
HoxasareanrcrBo reopemu [l. Iycrs

n
1 b—
=TZ§t+khﬁ)), h = na.

Tar rar S, cxomutesa & S =S§, (w)dt, To wmomHO pnsm

a
moboro & > 0 Brbpars Takoe N, uro ana Bcex n > N

P{ISn—S1>e)<e.
Ecam ponosmte A = {| S, — S| >e} n

= in 2 M§(+kh (0)) = MSn1
k=1
TO

iSn—MS | = [M(S, =5 |<MIS, — S |=
=PA)M{] Sy — S}A}+PDOM{] S, —8]1A) <
<2KP (4) + & < (2K + 1) e,



§ 5. AUNOOEPEHIMPOBAUIUE H HHTETPHPOBAHUE 69

.
Caenosarteannno, S, crpemutes kK MS, orkypa caepyer
paBencTno

b
[ Mg, () dt = 1im S, — MS.
h 13

a

Teopema IT mosxer 6LITh 6e3 BeARUX HOBHIX 3aTpynHe-
Hni 06obIieHa A NBOHHBX u TPOHHHIX HHTErpaJyos.
Mer gamrv npmnenenne aroit Teopeam mas onHo# Bagaun
TeOMETPUIECKOH TeopHH BepoATHOCTEl.

Ilyets G = G (o) — KBaJpupyeMasa obiacts na 1io-
CROCTH, BUJL KOTOPOIl BABUCHT OT C.IyYas, T. . NYCTh KasK-
AOMY DICMEHTAPHOMY COBHITHIO o & {) mocTaBleHa B ¢O-
OTBETCTBUC oONpenelieHHas KBajpupyemas o6aacth G (o)
Ha naockocTn. Yepes S oGosmaumn miIomans obaacru G,
a wepes P (z, y) — Beposrnocrs Toro, uto Towka (z, ¥)
npurapnesknt obaacru G. Torxa

T

MS; = \S P (x, y)dx dy.
J]‘JIH AoKasaTejlbhCcTBa HJOCTaTO49HO BaMeTI/ITB, qT0
SG = \S](G(x, y)dxd.l/a

P (1’, y) = MfG (1', y)a

e fe (r, y) — xapaktepucruueckas dyrxnua obractu G
lfo(x, y) =1 ma G un f; (x, y) = 0 sEe G]1).

) Cp. A.Kolmogoroff und M. Leontowitseh,
Zur Berechnung der mittleren Brownschen Fliche, Physik. Zeitschr.
d. Sowjetunion, 1. 4 (1933).



V. YCIOBHBIE BEPOATHOCTH
1 MATEMATHYUECKEE O/RIIIAHIIA

,
§ 1. Yenorurie BepPOATHRCTH

13 raase mepsoil, § 6 o1 onpenesiii yCAORITIO BEPOAT-
noeTh P (B | %) cobmrtun B ormocwrexbno ucnpitaning U,
lpr sroa Tam Ono mpexdonoskeno, 4ro ¥ momycxact
UL ROHSUHOZ UICHO PAIMYNBIX BO3MOLULIX LUCX0I0n.
Mosnno, oxmaxo, oupegesnts P (B | A) raxme w poa
cayuasd uenpitanna W o¢ GecrOHeuKsA MIIOMCCTBOM BOM-
MOSRLBIY LEXOJ0B, T. €. IS PARNOKEHNS MHORecTBa 1A
focROHCYL0s  YBCHO  NCHCPECeRAIONMNXCA  IOHMIlONReCTs,
B uwactuootH, Taxoe pasicikenile HONywaeTed, ecam pac-
cuaTpHBATh Opouapodbnyn $ynknumo £ = £ (e) or o
I OHpCAEJNNTh B KauecTne JIEMEHTOB pasioskrennsa & =
= U; maomecrsa {®: & (o) = const}.

Venosuan Bepoarmoers P (B | 2) OGyner ofosia-
gateca  Tamme uepes P (BiE). Jlo6oe pasnosxenne %
mHOMecTBa £ MOKHO OHpeNeduTh Kak pasiosienne iz,
KOTOpoe <«mmugynupyercsay ¢ymrmmeit § =E(w) or o,
ec)H KajKAOMY @ IOCTABJEHO B COOTBETCTBAE B Kauecrne
£ (w) To mmoxecTBo ®3 pasaoskenns U, KoTopoe codep-
WHT O,

Hoe ¢yurnun § a1 0T @ oUpefeasoT TOTAA U TOALKO
Torga oo m To e pasinomenue (Uz = A,) mMuwoecrna
Q, ecnu CYmIeCTBYET TaKoe B3auMHO OJMO3MAYH0e COOoT-
perersue ¥y = f (x) MeRgy OX SHATCHHAMH, UPI KOTOPHX
tomgecrnenuo M (@) = f (& (o). Ynrareap MOKCT JCTKO
DOKA32Th, UYTO ONPEIENSIeMNIe TIHKE CAYULAliHbe BeAHTHITLL
P(B &) nP (B |%) B oToM ciiydae COBHAHAIOT; CHEHOBA-
TEXHN0, B OCHOBHOM OHWM ONPENeIATCH CAMHM DaBsJoie-
mem Uz = A,




§ 1. YCIOBHBIE BEPOATHOCTR 71

Hast oupenenenuss P (B | £) MoKHO upmMeHHTH cie-
AYIOMee paBeHCcTBO:

PBIEeA)=MIP(B Y|t Al (1)

Jlerxo moxasars, 4to B eaywae romewnocmu mmomecTEA
X DposMOmuLX sHavenmH [ pasescTBo (1) BEmonisercs
upu mobom  pmGope amowectna A (mpngem P (B | §)
onpeneiserca corzacHo § O raasul mepnoit). B ofmen
caydae (nag  RoToporo edyuaiizas pesmumma P (B 18)
Cille e ompejlesena) MBI JOKAMKEM, UTO 6ceeda cyujecmesyem
GlHa H, ¢ TOYHOCTHIO 0 DKBHBAJEHTHHX RCJIHUUH, TONBHEO
0AHa caygaitHan pequnamna P (B | E), OLpeRexsaeMasn Kok
(Gopenepckas) dynxmus or & u VIAOBJIETBODSIONAs TIpH
Kasupos A n3 §Fe, Aiasa KoToporo Py (4) > 0, ypasunenno
(1). Onpedesennyo marun ofpasor (¢ mouHocmuvlo A0 SKEU-
earermiocmu) gynryuw P (B | E) om £ mm Haswueaem
ycaosroli eepoammnocmoio B omnocumesvno E (wam npn
nausoM £). 3mavenne P (B | &) mpu £ = 2 um Oyzem 66oa-
Hauath P (B |E = z).

HoxasarenrcTno cymecTropamna
meagumnecrsennocru P (B |E). Vunomur (1) ma
P{EE A} = P, (4), nonyuaem ciesa

PESAIP(BIECA)=PBN (Ec4)) =
=P (B N & (4)),
a cupasa
PESAMIPBID]E 4] =
=\ P@BIYPE) = (P(BIE=2) P ()
{w:ie= A} A

Crenmonarensro,

PN ) = \PBlE=0P @) @

A

Otpatno, u3 (2) cxenyer dopmyma (1).

B caysae Py (A) =0, npm xoropom (1) me mmeer
CMBICTA, panencTBo (2) rtpusmansHo. TpeGopamme (2),
CefoBaTeNbHO, SKBHRANEHTHO (1),
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o csoficrsy IX marterpana (rnasa uersepras, § 1)
cayuafigsie BeNHYHHB 1) = 1) (®) C TOYHOCTBHI) O DKBH-
RATEHTHOCTH OJHOSHAYHO OMPCMENANTICA [0 SHAYEHASM
HOTerpasion

n(@PWdw), B=F.

T

Taw wax P (B |§ = z) — cayuafinaa Bejanduuma, orpe-
pejiennas Ha HoJie BepoaTHocTed (X, F:z, Py), To oTciona
cneryer, 9T0 Qopsyiaa (2) o0dmosHauHO {C TOTHOCTHIO HO
DRBIIBANCHTHOCTH) oOupejendeT oTy BeJuyudy.

Hanr ocraeres norasare cywecmsosanue P (B | B). Qas
atofl nead DPUMEHEM cleayouiyn Teopemy Pagoua —
Furopnma ),

Teopewma. Ilyemv J — 6Gopeacscran ancebpa mHo-
weeme ¢ Y, P — onpedeaennas Ha (Y, J) neompuyameas-
rHas cuemHo-addumuenan  Pymryus muoxmcecms, a P —
smopas onpedeaennas mardsice na (Y, J), cuemno-addumus-
Haa Pyuryus muoxmcecms, npuuen us P (A) == 0 caedyem
pasencmeo P (A) = 0. Tozda cywecmsyem usmepumas
(no omnowenuio v J) gynryus ¢ = ¢ (y) (6 meopemuro-
EePOSMHOCIMHOT.  MEPMUHOAOSUY — CAYUAIHAA  6eAULUHA),
ydosaemeopawwas 0as  kascdoco mmomcecmea A us I
paserncmay

P(a) = \ow) Py
A

Hng ppuMeHenmsa 5Tofl TEOPEMH K HameMy CIYIAI0
octaercss powasatb: 1° uro P (4) =P (B N &7 (4))
cuergo-apanTBHa Ha (X, %), 2° gto uz P(4)=£0

caenyer mHepasencTso P (4) > 0.
Yreepsunenue 2° caenyer W3 TOro, d9ro

0<P (B ENA)<S<PET(A) =Py (4)

') O.Nikedym, Sur une généralisation des integrales de
M. J. Radon, Fund. Math., 7. 15 (1930), 168 (théoreme III), Cm.
TakHe quT. sume kuury A, H. Konssxoroponra n C. B. ®o-
MUEHA .
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Ilna nmokasarenpcrBa yrseprienna 1° momoykum

A =D\,
n
Torma

E1(4) = D\ (4)

u

BOEHA) = 2B N (4.
Tarx xar P cuermo-agguTuBHAa, TO
P(BNE™ () = P (BNE™ (4,),

9ro ® TpeGoBaZOCh [OKA3aTh.
W3 papenctna (1) cmemyer, B macTHOCTY {€CIH MOJOMATE
A = X), Baummaa dopmyna:

P(B) =M IP(B P (3)

Temeps Mul mepeiiieM K JOKa3aTelIbCTBY ABYX CIEAY-
OOUX (GYHIAMEHTAJIBHLIX CBOHUCTB YCIOBHHX BEPOATHO-
cTei.

Teopewma l. Toumu naseproe

0<P(BH <L (4)

Teopewma Il. Ecau codwmus B, By,... npunadae-
acam Fou

B=2\B,
n
mo noumu HaeepHoe

P(BIE) = 2\ P(B,[E). (5)

n

9tm gBa ceoiicrsa P(B | ) coorBeTCTBYIOT HBYM Xa-
PARTEPUCTHIECKHM CBOMCTBaM BepoaTHOCTHON JyHEnuM
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P (B): Bcerna 0 < P(B) < 1 nP(B) cuerno-amnatisHa.
Onu no3BOJAIOT TepemecTH Ha YCROBHEE BEPOATHOCTH
(* 1 &) Mmorme pannmelimme CyINECTBemEHHe CBOHCTBA

aGcomoTnbX BeposiTHocteit P (). Opmako mpm sTom me
creqyer sabusaTh, wro P (B | ) mpnm ¢uxcmposanmom
MHEOMKecTBe B snisercs senwumHoii, oIpemeseHHoll Jaib
€ TOYHOCTBIO [0 OKBUBAJEHTHOCTI.

Horxasarteancrno Teopenmm I. Eenn mu
NPEANONIOKAM — B HPOTHRONIOJNOMRHOCTE JHOKA3HBAGMOMY
VTRePIRACHIIC, — 9T0 Ha Muoskectse M ¢ P; (M) >0
runonEaeTcA pepaserctso P (B |E) > 1 4-e, 10 MO
¢opmyne (1)

PBIEeM)=MIPB DIt MI>1+e,

9T0, OYEBHAHO, HEBO3MOKHO. Tak e moxasmBaercs, uTo
noutm HasepHoe P (B |E) > 0.

HorxasarenncTrBo Teopemm II. Us cxo-
LEMOCTH paja

DIM[P(B,|E)| = DIMIP (B, |E)] = D\P(B,) = P(B)

clepyeT no cBOMCTBY V maTemarmueckux ossmpmasui (ri.
IV, § 2), 9ro pag

P (B, E)

CXOHUTCA IO9TH HaBepHOoe. Tax rax pan

DMIP(B[E)|EE 4] = P (B,|E= A) = P(B |t = A)

CXOJHTCA IPA KaKIOM BeIGope MHO;kecTBa A TaKOTO, 9TO
Pi(4) >0, To m3 ymomamyrtoro cmoiictBa V MaTemaTm-
9eCKOX OJKONAHBE cleryeT, YTo IIfg KayKIOTo MIOKCCTBA
A VYKa3amHOTO BHJ{a MMEET MECTO COOTHOUICHME

M[ZP(BM%)IﬁeA]=ZM[P(B,.I§)IEEAJ=
=P(BIEE4) = M[P(B|)|t= 4),

B3 KOTOPOTO HENOCPE[CTBeHRO CcJeNyeT paBeHCTBO (5).
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B sanrmwogenne 9Toro naparpada yrKameMm Ha [[Ba 9acT-
nnx  caydas. liyers E{(w) = C — mIoCTOsAHIAN, TOTIA
neaty  uapepnee P(A | C) = P(4). BEcam mnonomurs
nanpofus, & (®) = o, TO DOAYYHM cpasy, 910 P (A | @)
HOHTH 1aBepHOe paBma ennmnnne "a A u wydao za A, Cre-
nosareanito, P{A | ®) aABnraAeTen  zaparmepucmuksciol
@yrryued muomectsa A.

§ 2. Q&wsicizenne oxHero napa joxea bBopenna

IIycrh 2a ocuonioe MIOKecTBo £ BLdpPaHO MHOKCCTRO
PEEX TOUGK c(PeDIUCCHOIT TOREPXIHOCTIL. 32 F ML HpIMe:
COBORVEIOCTD BCeX GOPCNCBCRIX MHG/IRECTE cPepUTeckuX
nopepxuscreii. Hanoneny, uyers P (4) nponopngouansia

wpe muomecisa A. Bufepod Temeprs [Be ANAMETPATILHO
np:ﬂ‘uzouo:'o; niple TOUKOD B Kaueerse moameen. Torna
KRBT MepHIHanisl KPVr o©QHOBHAYHO COpeNeaseTcA
coorsercrRyIoleli reorpadusccroil goareroit P (0 <L <L
<), Tar rar ¢ usmenseresi Toabko or 0 Ko @, T. e. MU
PACCMATPIBAEM LOJHKC MepUi{ianuse Rpyru (a He mosy-
OKPYIRUOCTI), TO ¥ muporTa O 7TodyKHAA W3MEHATLCA 0T —Jt

no n (a HE 0T — 510 ?) Bopesey nocrapiaena cnenyoias

gafada: ONPONENHTh «YCJHOBHO® pacipefeleniie BEpPOAT-
aocreiny gasg mupors 8, —it < 0 < m, npu 3agannoil foa-
rore Y. Jlerxo mopcumrath, 9TO

0
P(91<9<92[¢)=—1—3|00361d9
&

I, BUAYNT, pacHpefelieHHe BepoaTHocTeH ans O mpu 3a-
AAOHHOM ) HEPACHOMEDHO.

Tean e Temeph DPEfNoJOKHTH, YTO YCIORHOe pac-
npejeenne BepoaTHocTell gia 0 «opm rmmorese, 4TO
QIKHT HA MEPHHAHIOM KPYTre», JOJKHO OHTH paBHOMED-
HBRIM, TO HOJYyYaeT¢s TPOTHBOPEUHS

Iro oBCTOATENBCTBO IIOKA3LIBAET, UTO HOHATHE VCIAOL-
10#l BEPOSITHOCTH OTHOCKTEABIO H30JHDOBANHO 33AaHHOII
TAHOTEZH!, BEePOATIOCTh KATOPOH paBila IyJno, sSBISETCH
HEACUYCTAMEM: TOALKO TOIAA Mbl TOJYYHM Ha MepAfuuil-



76 V. YCIOBHBIE BEPOATHOCTH H OMMIAHHNA

HOM Xpyre pacihpefeleHHe BepoaTHocTel aaa 0, ecanm
OymeM paccMaTpHBaTh 8TOT MEPHMAHHKI KPYT B Kauecrse
BIEMEHTa PpasjloMkeHusa Bcell cepuuecKoil MOBEPXHOCTH
ua MepuAMAHHEE KPYTH € 3aTaHITbIMH  JOJI0CAMIT.

§ 3. Ycaosubie reposTHOCTH
OTHOCHTENLHO CAYIAHHOH Benmuning

Ecan § = § (0) — cayualinas Beamuuna, 7o yeaoB-
nywo BepoaTnocTs P (B [ E) MoKHO oupeaeinTh Takme
sjeMeHTapHpiM nyTeM. B caygae P (B) = 0 noaaraem
P(B |E) = 0. Ilycrs teneps P (B) > 0. Torpa gopmyae
(2) m3 § 1 MosKUO DpUAATH CAENYIOMINT BuUM:

PBPEEA|B) = \PBls=a)Pids) (1)
nin :

P(B) Pz (4| B)= \P(B|t = 2) P; (da).

B

O'rcmna noJydaerca HENOoCpejaCcTBEHHO, dYTO
PB)F@|By= \ PBIE=2)Fe @) ()

—0C

Cornacno onuoit Teopeme JleGera ') ma (2) caenyer,

uro
F h|B)—F.(x|B
P(B|E = 1) = P(B)-lim —t0 M ID) = e (0] B)
h-sg

Fe(e+h)— 1"2 1))

¢ TOYHOCTBRIO [0 MHO;KecTBa H Touer x Takoro, drTo
Pe(H) = 0. Ecim paccmarpuBate Temeps dopmyay (3)
kaK onpepenenne P (B | £ = z), npauem B ciydgae Hecy-
HIECTBOBANMA npefena B npaBoi dFact (3) wmodosmuTh
P(B|E = x) =0, To oTa noBas BeInYnHa YIOBIETBOPSIET
BceM TpeGoBammam § 1.

@)

H HebGer, NarerpmpoBanrMe ¥ OTHICKanue NPEMETHBHEIX
byaxnmit, 1934, crp. 245—246.
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Ecan, xpome Toro, CymecTBYIOT HJIOTHOCTH BepoAT-
nocreli fy (z) u f¢ (x | B) m ecanm fy () > 0, 10 Popmyna
(3) mpespamaeTea B caegyIOMYIO:

P(BIE =) =P (B LD (%)
(Bls=2)= ACEE

N3 dopmyast (3) caepyer Tamsie, 9To CymecTBOBamme
npegena (3) B NIOTHOCTH BEPOATHOCTH f, () EMeeT CBOMM
caeficTsueM cyuecrsosanme f (x | B). Ilpm srom

P(B)fe(z | B) < fql(a) (5)
Ecau P(B) >0, 1o us (4) cuegyer pasencrso;

P(B |E =2) fg (x)
fe(@] B) = == ©)

B cayuae f;(z) = 0, coraacro (5), fe(z | B) =0 n,
cuefoBareabno, (6) Taxxe Bepro. Ecam npm aToM pacmpe-
neaenne § abcoJOTHO HEUPEPHBHO, TO

P(B)=M1PBIY] = (PBIDP @) =

Q

= {PBlE=0F@ = (PBIE=r@E @

N3 (6) m (7) cnepgyer, wro
P(B |E =2) fg (x)

fo(@|B) = .
§ PBIE=2)/ () do

-—00

®)

ITO pPaBeHCTBO faeT HaM Tak HA3HBAeMYIO meopemy
Baiieca 0aa abcoaromno nenpepuenuz pacnpedesenuil.
Ilpeanosioskenns, mpu KOTOPHIX 9Ta TeopeMa CHPABEINBA,
caenyomume: P (B |E = z) msmepmMma B cMmbicae Bopeaa
n ompesneneHa mo ¢opmyne (3), pacnpenenenme £ aGco-
JIOTHO HeOnpepHBHO (B TOYKE Z CYINECTBYeT IJIOTHOCTD
BepoaTnocTa f. (z)).
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§ 4. Yenopnsie MATOMATRUCCRKHS OMNIBINS

Hyers & = E (w) — nponzBodnas (QYHRUHA OT O,
an =7 (0) — caydaiimas peqrmna,  Chydailiag soau-
anpa M (1 ]3), Dpeacrasisian Rak (byﬂkmm oT § 3 yoBIeT-
Bopscmag g modoro muoskeersa A 13 Fee P (A) >0

YONORIG
M E=A4) = mIMm(

naprpacres (B ocayaae,

NeCHILL o;;zzu?mm:m

M USGCCIHOML O Huu L.
Syomas (1) ma P {A4), nonyyaen

. n:
ROl

M| ) Pidm). (2

i

) = 0, mpu nortopod (1) Ho mueer cymcan,
anplic., Tar yke Kar ¥ B cIydae YCIOBHLIX Be

(2) onme Ao (¢ TOYHOCTHIO 1[0 DEBHBATEHTIIO
Qnagere M (n | &) npu E(0) = = mu of
wepes M (n | § = ). daderma cme, 4T0 M (1
se paw u P (B | E), BaBHCHT TOIBKO OT PAa3JIo;
I MoskeT O5Th obo3nazeno epes M (1 | ).
Iipu onpemenenun M (1 | §) yrxe mpegnososreiio cylle-
crBoBatie M1 (ecan mosonmts A = X, Ttorma M (n | § =
= A) = Mn). Mut Temepn JoRajReM, UYTO CYIR ecmgsamm
My I JoctaTouno A cymecrBosamua M (n | E). Han
BTOTO JOCTATOUHO IOKasaTh, 4re Mo teopeme Panoua —

Husonuna (cp. § 1) dyurnUA MHOKECTE

0 = \ n©? )

{Z=A4}

2
P
[N

~’ = A
&
a0 I W

-~

YOTHO-AIATHRHEA Ha § ¢ B aB6CONTOTHO LOH[CPBIBER 0TS+
curensno P (4). TlepBoe 06CTOHTOABCTTO AOEAZMEALTCH
HOCAOBHO THI\ e, KaK U B CAy4ae VCTOBILIX DBePosTHo-
creit {(cp. § 1). Bropoe Tpeforaune — abeomoTioll nenpe-
pMBHGCTH — pardwdaeTca B ToM, uro s (Q{A) =0
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ROZ;KNO caenoBaTe HepasenctBo P (4) > 0. Ecam wun
npejnosonitM, uro I’ (4) = P(§ &= 4) = 0, 10 scHo,
970

Q04 = \ 1 (@) P (do) = 0.

(EEAY

Taxkmya ofpazoy, rame BTOpoe TpefoBaine Tawilke Bu-
HONeno.
Eenn n pasenerse (1) moacwums 4 = X, 1o nodiy-
gacred gopuMyda
Mi = M M (n | E)]. (3)

Hanee nowraspiBaetes, 9To MOUTH HABCPHOE
Mlen + b0 1El=aM M |E) + DM IE), (%)

e @ ¥ b — 1Be npomnsBOJbHEE mocToamunie, M |1 | < oo,
M [L] << co. (Iipopeenne JoKa3aTedbETB IPEXOCTABIsET-
¢si WHTATeNIo.)

Fean £ £ — npe QyHruun sjaeMenTapioro co6KTHA o,
to napa (£, {) MOJKeT TaKkyKe paccMaTpPHBATHRCH Kak QYHK-
nug o. Hmeer MecTo cienyionee BajKHOE DPaBelCTBO:

MIMTE DIt =MMn1E). (5)

B camom pene, M (n | %) ompemensercsa wepes coor-
HONIERHe
M Eed)=MIMMn |§ It 4l

CnegonatessHo, HYMRIO [0KA3aTh, UT0 BEIMYHHA
M MM I|E O |El ynosanersopaer pasenctBy

MlEesd)=M{MIMMNI[E DIElIE< 4). (6)
W3 onpepenenuss M (n | E, §) caenyer, dro

M lEed)=MIMMn L DIt 4l (7
Ws onpepenenna MIM (0 | &, §) | E] caenyer naree, uro

MM |E Dt 4]l =
=M{MMMnIE DIEIEs A} (8)
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Parpencrso (6) apasertcsa caepctsnes paserers (7) o
(8), ueM mame yTBep;KIEHHE JOKABAHO.

Fenu monomnts 1 (o) papunin epuuune Ha B m Hy 0
BHE B, TO

M (&) =P(B ),
Mg O =P(BIE D).
B sroyv cayuae uz gopuyan (5) moayuaerca gopmyna
MP (B IE 0 IE=P(B Y. (9)

Ycnopapie MATEMaTHYECKHE OMKOAAHHA MOKHO OIlpe-
AeNTUTE TAK/Ke M HeNOoCPeJCTBeHHO dYepe3 COOTBeTCTBYIO-
mue ycJOBILE BepPeATHOCTH.

s aToft nesm paccMaTPUBANTCA CHELYIOMIHE CYMMDL!

oo

SO = 5 BPUa<n<k+DrE(= 3 R

k=00
(10

Leau My cymecrnyer, 1o psag (10) cxomures moarn
masepuoe. B camon neae, no dopmyae (3), § 1

MRy = kWP A << (k4 1)1}

a CXOAMMOCTL pAia

fe=—20

>x fe )

DR P < (kD= D M| R,
hm=—o0 h=—
ARAACTCA HeoOXOIUMBIM  YCJIOBHEM CYINECTBOBaHUA M)
{(cp. raasy uerBepryio, § 1). U3 aroft cxopmmoctn cuenyer,
yro paj (10) cxoxurea mouty masepuoe (cp. TAABY 9YeTBep-
1vio, § 2, V). Jlanee mowassiBaeMm, Tar Ke KaK 4 B TEOPUH
unterpana JleGera, wro m3 cxommmoctn (10) mpu rarom-
aubo A clienyer ¢XOIUMOCTh OPH BCAKOM A W 4YTo B ciaydae
cxopumoctn paaa (10) S, (E) crpemurea k ompemenenmomy
upemeay mpu A —> 0). Moo Torga B mopsiike onpepeie-

Y IIpm atoM MBI pACCMATPHBAEGM TOJABKO CIBTHYIO MOCIEA0BA-
TeJABHOCTH 3HAYEHMIT A: B 910M ciyuae Bee BepoaTHOCTH P {fA < 1y <
<(k +- 1) A | £} oupeieneHE HOYTH HABE PHOE [/IA BCeX OTUX 3HAYCHMIT,
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HUA OOJNOMUTE

M (1|8 = lim 8, 9. (11)

Hasa Toro 4robu morasars, 4To olpefieeHHOe COOTHO-
mennem (11) yeaoproe oxunanme M (n | §) ynosaersopser
TOCTABJICHHBIM IIPekJIe TPeOOBAHMAM, HYKNO TOJBKO yGe-
AUTLCA B TOM, 9TO OHpeResneHHad, coraacHo (11), senman-
Ha M (1] §) ymosrersopsier pasemctsy (1). 1o nokazarenn-
CTBO IPOTEKAeT Clegyomum ofpasoM:

M[M(nIE)I{‘;eA]=lhing[SA(§)|geA]=

= lim Y FAPTIL S <<(B+DM[Es A)=M[n|Et=4).

A0 k=—o0

IlepecTaHoBKA BHAKOB MaTeMaTHIECKOTo OKUTAHIA
U Dpenea fo0yCTAMA OpH dTol BHKIAAKe, Tak Kak Sy, (&)
cxouurca pasHOMepHO K M (v | §) mpu A — 0 (mpocroe
clencTBHe CBOHCTBA Yy MaTeMaTHIECKHX OKUTAHHUIA
n3 § 2). [lepecTaHoBKa BHAKOB MATeMATHIECKOTO oKuIa-
HOA H CYMMHDOBARHHA TaK;Ke ONpaBaHA, TaK KaK piX

oo

2 MU PIA S < (k+ DA B [E e 4) =

k== —co

= 2 [BIPIASn<(E+DA[E 4)
K==—co
cxonAmuiica (HeNOCPeJCTBEHHO® HpMMeHenne cBOHcTBa V
MaTeMaTHIeCKHX OMKUJaHui).
Bmecro (11) mMoxuE0 HanucaTs

M(nl§)=§n(w)|’(dwl§)- (12)

He cnenyer, opgmako, mpm artom 3abeBath, aro (12) me
ABJISIETCS UHTETPAJOM B cMbicae § 1 ruasnl werseproif, Tak
at0 (12) — ToNBKO CHMBOHUECKOE 0603HAUECH e,

Ecam § — canyuaiinas Beamumma, To dyurnmio or §

Yy
FalylE) =Pm<ylE)
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MBl Ha3hBaeM YcJOBHOH QYHKumeHd pacmpefielieHAs 1) mpd
nasecrgoM E. Oymrnusa F, (y | ) onpemenena mo4rn Ha-
BepHOoe npu BeakoM Y. Ecam y; < Yy, TO mOYTH BaBepHOe

Fqo(y, 18) < Fy(ya | 8).

Ha (11) & (10) caegyer, 9To mOYTH HABEPHO®

M@E =lim 3 Kb (Fa((k+ )M [E) — Falkr D).
0 =0
i (13)

3710 06CTOATENBCTBO MOKHO CHMBOJHICCKHE BHPasuTh op-
Myoit

Mg = { vFa@y . (14)

C DoMOImBI0 HOBOTO OHDENENeHHSA MaTeMaTHIeCKOoro
oxuganma (10), (11) nerko moxasaTh, 9TO (I NEHCTBH-
renproit ¢pyarnmu f(E) ¢ M |f(E) n | << oo cupaBepimBo
(mouTu HaBepHOE) PaBEHCTBO

MIfE) &l =7 ()M In| El



V1. HEBABUCHUMOCTDh. 3AKOH BOJIBIINX YNCEJI

§ 1. Hesasncnmoctn

Onpenenenne I. [ee ¢ymxmmn § = § (o) n
N = 1{ ) HasB8aMCcA HEABUCUMBLMUL, €CJIH JNIA JIO6HIX IBY X
muoskecTB 4 3 § ; m B ma §, cupaBegsmso cienyiomee
paBeHCTBO:

PEe=4d, neB)=PEesd)PmesB). (1)

Ecanm mHomectsa X # Y cocToAT JAKIIL H3 KOHEUHOTO
upcaa 9J1eMeHTOB:

X =2z 4+ ..+ z,,
Y=y1+"~+ym1

TO 'Halme olpejejenne HE3aBUCUMOCTH £ W 1 coBHajaer,
coriiacHo § D riaBel nepBoil, ¢ ompejejeHneM He3aBHCHMO-
CTH pasnosReHui

Q= Z {0:E(0) = zy},

k=1
Q= D) {o:M(0) =y
k=1

s mesasucumoctn & | 1 Heobxrodumo u docmamouno
caenylomee yciopue: npm JgioGom BoBope MHO;kecTBa 4
A3 ¥ ; HOYTH HaBepHOE BHIIOJHEHO PABEHCTBO

PEs 4 |n) =P(Ee4q). (2)

B camom pnene, B caygae, worma P, (B) = 0, 064 pa-
Bencta (1) u (2) ynopierBopsiores. CiegoBaTesbno, Ilo-
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CTaTOYHO [0Ka8aTh UX 9KBABAJIEHBTHOCTH B caydae P,(B) >
> 0. B atom cnyuae (1) 9KBHBATEHTHO COOTHOMEHUIO

PEe4d IneB)=P(Eec4d) 3
®, 3HA4YAT, COOTHONIEHHIO
MIP(Ee 4 In)ne Bl =P < 4). %

C mpyroit croponm, BunHo, 4To U3 (2) ciemyer paBemH-
crBo (4). O6parmo, Tak kax P (£ &= A |1) omHosHaTHO
ompefiensiercss u3 (4) ¢ TOYHOCTBIO 70 MHOKECTB BEPOAT-
HOCTH HYJb, To ®W3 (4) IOYTH HAaBepHOE CJeTyeT pPaBeH-
cTBO (2).

Onmpengenenme [I. IMyers 2 — MHOMECTBO
ynruuit §, (o), rme v & N. Dt GyHKIAD HasHBaoTCA
HE3A8UCUMBLMU 6 COB0KYRHOCIMU, eCJIH BHIOJHSETCH Clle-
nyiomee ycaosne: nycteh X' u2” — Ba HemepeceKaoIIUX-
ca moaMHOoKecTBa u3 X, A’ (coorBerctBenno A”) —
MHOMKECTBO W3 §, OoUpelelsgeMoe COOTHOMEHHEM MeK-
ny &y (w) ms I’ (coormerctenmo X"); Torma

P(A'NA") =P (4")P(4").

Cosorynnocte Bcex E, (0) m3 =’ (cooTBeTcTBeHHO 13
2"), MOKHO paccMaTpuBaTh KaK KOOPIHHATH HEKOTOPOH
¢yuxuun &' (coorsercrenno £”). Onpenenenne I TpeGyer
mumb Hezasucuyoctn & m E” B cmeicae ompenenenus |
Opu  KaykIOM BBIOOPE HENEepeceKalomMXCH MHOKECTB '
u X’

Ecnu §;, &, . .., &, HesaBmcmmm, To Bcerpga

P(§1EA1, gzesz---, EmeAn)=
=PE €4)PE.s4y)...PE 4,), (5

€CHIM TOJBKO MHOMECTBA A, TPHHAIEKAT COOTBETCTBYIO-
meEM §; (ROKa3aTeABCTBO WOCPEACTBOM HEXYKIUM). Droro
PaBEHCTBA, OfiaKo, B o0mieM ciyvae HAKOMM 06pa3oM He-
MOCTATOYHO /A HE3aBUCUMOCTH &y, &y, . . ., &,.

PaserctBo (5) Ges sarpynmennii o6oGmaerca Ha cay-
qafi cYeTHOro HPOU3BEJCHUA.
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N3 nesasucmmoctn cayuaftmmx BeJTHYITf ‘g’vk B KayKnolk
KoneuHoid rpymnme (§,, &, ,..., Evk), BooOme rosops,
eIie He cllefyeT, 9TO BCE &, HEBABHCHUMEL.

Haxomen, serxo 3aMETUTL, 9YTO He3aBUCHUMOCTH
oynkmmit £,, cobersenHo FOBOpA, HABIAETCA CBOHCTBOM
COOTBETCTBYOIINAX PAa3a0KeHHH Yz, Ecam, paiee, g, —
OAHOBHAYHEIE (YHKIHH COOTBETCTBYIOMUX E, TO m3
HE3aBHCUMOCTA §, CaefyeT HE3aBUCHMOCTH E..

§ 2. HesaBucumbie cnyuaiinbre Beswammsr

Ecmm &, &,. .., £, — HezaBmcuMEIe cay4aiinnie
BOJIMYAHEL, T0 H3 paBeHcTBa (2) mpembymero naparpada
crenyer, B 9acTHOCTH, PopMya

Foy bty @1 @y oy 2) = Fe (21) P2, (zy) . .. Fe (z,). (1)

Teopema I. Ecau ateebpa  MHoMecmes ffghg,__‘,zn
COCMOUM MOAbKO U3 6OPeAesCKUL MHOJCECE npocmparcmea
R", mo ycaosue (1) seasemcs marxce docmamounuim dan
hesasucumocmu seawwur &), &y ..., E..

HdorkasarTeapbcrso. Hyc'mg’=(§i,,§i,,...,§,~k)
B 8=, &,... §im) — HBe  Hemepecekammuecs
HojcmeremMsl  BemmaEH §y, &y, ..., &,. Ha ocmopammn
dopmyast (1) caexyer AOKa3aTh, 9TO i NIOGHIX ABYX 6o
pexeBcknx MHOMecTB A’ m A" coorsercremno us R p
R™ BHmnonssercs paBeHCTBO

PEE4, ed)=PEcda)PE =4 2)
Haa muOMecTE BEma
A ={(z, ..., ry)im, <ay, ..., zi, < ag},
A" = {(z,..., zy )iz, by, .., z < by}
9TO CIenyeT HemocpencTBeH#o us (1).
Hamnee mokasbBaercs, 4ro ato cBojicTEO coxpaHserca
AJ CYMM M DasHOCTEH MHOJKECTB YKAa3aHHOTO BHIA, OT-

Ky/ia paBeHcTBo (2) cieayer m mis seex GopeseBCKAX MHO-
HeCTB,
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Teopema II. Iyems § = {§,} — npoussoavhas
(6006we Geckoneunas) COBOKYNHOCMb CAYHAUHLLY 6EAUMUH.
Ecau aacebpa muoxcecme §Fy cosnadaem ¢ 3-aaeebpoil
6 (FN) (N ecmb MHOKCECMEO 6CET V) 1), mo cosorynHocmb
pasencms

FEV‘,---sEvn (Z1y e ey Tn) = ngl (€1) ... F""n (z,) (3)
Heobroduma 1 Odocmamouna 048 HE3ABUCUMOCU  BCAUNUH
Eo veE S

MoxasaTeanbcTso. HeobxopumMocTe 3TOTO yC-
JOBHA CJICyeT HEHmoCpeacTBeHHO U3 (GopMyus (1). Mun
Temepb lOKax{eM, 9TO OHO Taxyke M JOCTATOIHO.

Ilycts 4™’ u 4" — [Ba HelepeCeKaoMIXCs IOAMHOKe-
¢TBa M3 MHOKecTBa -#° Beex nHpexcos v, A4’ (cooTBeTcTBeH-
Ho A”) — mHOsKecTBO W3 G(F <), Ompe/leJieHHoe COOTHO-
meHmeM MeRAY &, ¢ mHAeKcaMu v u3 A7 {cooTBETCTBEHHO
us #°"). Cienyer 0KasaTh, 4TO TOT/ia BHIIOJHEHO paBeH-
CTBO

P4’ N 4") =P (4)P(4"). (4)

Ieiicreurensno, ecaim A’ m A" — nmaARHIpUYECKHE
MHOKECTBA, TO Mbl HMEEM JIeNI0 C COOTHOIIEHUAMH MEHELY
KOHEYHEIM 9HcjioM BennunH &, B paBeHCTBO (4) mpencTas-
JAfeT B 9TOM cJydae mpoCToe cIeficTBUe IMPEAIecTRYOMUX
pesynbTaToB (Popmyna (2)). A Tak Kak COOTHomeNue (4)
COXPaHseTca AJds CyMM B pasHOCTedi MHOKECTB A’ (coor-
percroeEHo A”), 70 (4) AoKasaHO JIA BCeX MHOKECTB M3
s (F).

Ilycrs Temephb 1A KasKIOr0 v H3 HEKOTOPOrO MHOJKECT-
pa /" sajana a priori ynruus pacupenenenns F, = F, (z).

Teopewma IlI. Cyuyecmeyem noae eepoamrnocmet
(2, §, P) u onpedescrnue na Hem cayuatinue geaudunsl &,
v & N, Komopbie He3aBUCUMEL 6 COBOKYNHOCTMU, 4 Kadxdas
u3 seaunun &, umeem 6 kawecnee Pynryuu pacnpedescrus
a priori dannyio gynryuio F, (z).

lokaszaTeascTso. llpameM 3a 0OCHOBHOE MHO-
swecTBO (2 mpocTpaHcTBO R (MHOKECTBO BCeX CHCTEM
o = {z,} HeHCTBUTCABUBIX YHCEd Iy, V & A7), a B Kade-

H Cm. § 4 ca. Ll
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ctBe § BosbMem S-anrebpy !) o (F). Iomomum namee
§y(0) = z, uonpegenny ynrnmo pacupenenenus F,...,,
PaBEHCTBOM

Fvl,...vn (xl’ vy x-n) = Fv‘ (xl) e e Fvn (zn)-

n

Torna, cornacio ocuosnoit reopeme (§ 4, ra1. I11), Ha (£, F)
OZHOBHAYHO ONpeJelieHa BEePOATHOCTHAs Qyukoua P,
opugem P {§, < 2} = F, (z) pas awboro v = A",

3ameTnm eme, 910, Kak GLUIO BHAHO BHIe, A3 Heaa-
BHCHMOCTH BCSAKOH KOHEYHOH rpynun Beimumi &, (paBeH-
cTBo (3)) caenyerT HesaBHCHMOCTh BCeX &, Ha o(F+°).
B obbemiiomux nosiax BepoATHOCTEH 9TO CBOMCTBO MOKET
YTePATHCA.

B saxaiouenne aToro maparpada gasuM eme HeKOTOpbIe
OpHSHAKM HE3aBHCHMOCTH [JIA ABYX CHOy9ailHBIX BeJMInH.

Ecam nBe caywajimsie Beamuuunl £ ®W v He3aBHCHME
u ecta ME u Mn KoHeUHBI, TO OYTH HaBepHOE

M@0 | E) = Mn, (5)
M (E | ) = MEL.

9Tl HOPMYIH IPENCTABIASIOT HEMOCPe[CTBEHHOe CJefl-
CTBHE BTOPOr0 ONpEeNeHHA YCJOBHBIX MATeMaTHYECKHX
omumanmit (Gopmyast (10) u (11) § 4 naroit raasm). Cie-
ROBaTeJIbHO, B CJydae HE3aBHCHMOCTH § U 1 BEJMYHHH

f2=""[11—"'\(71|~5)]2 gz___M[E—-M(EITI)V
Dn ’ Dg

paBHH Hymo (npexmonaraerca, aro DE > 0 m Dy > 0).
Yucso f> Ha3BIBACTCH KOPPEASYUOHHBM OMHOUEHUEM 1| NO
§, g* — woppeasyuonnwm omuowenuem & no v (Impcon).

M3 (5) manee ciegyer paBeHcTBO

MEn =ME-Mn, (6)

JJIA IOKa3aTeNbCTBA KOTOPOTO HAL0 BOCHOIB30BaThCA (op-
myaof (15) us § 4 maroit raaBL:

MEn = MM (En) [El = M [EM (n | )] = M [E-My] =
= ME-Mn.

Ly Cm. § 4 ra. IIIL
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CnenoBaTesasHO, B Cllyuae He3aBHCHMOCTH £ u 1 Bean-
9Ha
— MEn — Mg .My
¥/ BE-Dy

Tak:ke pasHa Hymw. Hax umssecrmo, p — roapfuyuenm
Koppeasyuu mexndy & u 1.

Ecam pse cayuatiapie Benmamnan § u v YXOBAETBOPAIOT
paBeHcTBY (6), T0 OHM Ha3HBawTCH HEKOP PEAUPOBAHHBLMYL.

Hasg cymmu
s=%+8&+...+E&

[ODApHO HEKOpPPeMTMPOBAHHHWX BenmImE &, f,, ..., &,
JIeTKO COCUHTATE, 9TO

Ds = D, + Dg, + ... + DE,. 7

B usacrrocrH, pasencrso (7) cmpaBemmmpo 1A Heaa-
BHCUMEIX Benwuwd &, E,, ..., E,.

§ 3. 3axom Gompmmx wncen

Onpenenenme. Cayuafinme Beamamam N, Ho-
CJIeJ{0BATEILHOCTH

Ny Nas e eo5 Nnp oo

HABEIBAIOTCHA YCmoOUXUEHML, OCIH CYMECTBYeT TaKas IHG-
JI0BAA TOCJI6HOBATeIbHOCTD

8 dy ooy dny.. o,
9T0 AJAA JIIOGOFO HOJMOHUTEABLHOTO &
P{ Inn _dn,>3}'—>0, n— oo.
Ecam cymecrsymor Bce Mn, um ecam MomwEo moommTs
d, = Mn,,

TO TOBOPAT, 4TO YCTOHIUBOCTH HOPMAALHAS.
Ecam Bce 1, pasmomepmno OTDaHWYeHsl, To U3

P{'ﬂu_dnl>8}_*0s n— oo, (1)
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clenyer COOTHOMEHNe
M1, —d, | =0, n > oo,
4, cJaefoBarelbHO,
P{InNn—Mn, [>e}—>0, n—> oo (2)

TaxuM 06pasoM, Ycmoliuusocms 02paruieR ol nociedo-
gameavHocmi Heobrodumo HOPMAALHA.
IIycts
2 —_ 2
On = Dnn( - M(nn _Mnn))
Ilo uepasenctBy Yebniniena
2
Gn
P{Inn_Mnn!>8}< ez *
Cnenosatenbto, yerosue Maprosa:
Gilzl - 0’ n—> 20, (3)

[OCTATOYHO MJAA HOPMAABHOH YCTOHIMBOCTH.
Ecau 1, — M1, paBHOMEDHO OTPAaHUYEHH,

Inn - Mnn I<Cy
10 mo Hepasenctny (9) n3 § 3 wersepToil rIaBH

52 e?
P{n,— M| >e) > —m—-
(CstefoBaTeNbHO, B DTOM ciydae YCI0BUE Maprosa (3)
SBJeTCH TAKIKE U Heofrodumbia RIS HOPMAXbHOHE ycroid-
YUBOCTHA ¥),.
Ecau
BBy

UM -

n BeTUIHAHDL! §n moHapHo HEKOPPEJIUpOBaHDI, TO
1 . 3
D, = - ID&1 -+ D& + -~ - 4 DE,l.

CrenoBaTenbiio, B DTOM ¢jiydae [IA HOPMAJABHOH VOC-
TOHUUBOCTH CPEHAX APHYMETHICCKUX 1),, T. €. A TOTO,
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uTo0H s Bearoro & > 0

BB MOdeob My

n n

limP{ >8}=0,

AOCTAaTOYHO BHINOJIHEHON CJIENYIONEro yCixoBmsii .

. 1 < -
lim 7 2} D% =0 (4)

i==1

(meopema Yebruueca). B gacruoctn, yenosue (4) prmonue-
10, €CaM BCE Benuumnnl §, PaBHOMEPHO OTpPAHMYENH.

1. Mosxno o6oGmuTs 8Ty Teopemy Ha cayuait caabo
koppeauposanitvix eaunun §,. Ecam npexmomomnts, uto
Ko3pQUUUEHT KOppenanuu p,,') memay &, u &, ynopner-
BODAET HEPABELCTBY

pmn<c(lm"'nl)

n aro ¢ (k) > 0, To xan Bopmaiabnoft ycroiampocrn cpef-
nnx apEQMeTHIeCKHuX, T. €. A TOTO, 9To6H JIA BCAKOIO

e >0

ME) 4-eeod- M7
limP{IEH_ tE MEA4- Mg >a}=0,
n n n
JI0CTATOYHO BHIOJHEHEs YCJAOBHA 2)
) C "
lim—r . D) DE; = 0, (5)
n i=}
n—1
rae C, = 2 c (k).
k=0

2. B caywae nesasucumuz cnaraeMmx £, MOJKHO naTh
Taxie HeoGXoMMMOe H JOCTATOYHOE YCJIOBHEe AJS YCTOM-
YMBOCTH CPEJHHX apAMeTHUECKUX 1),.

1) flemo, aro Beerna py, = 1.
®Cp. A.Khintchine, Sur la loi ferte des grandes
nombres, C. R. de 1'Acad. Sci,, Paris, 7, 186 (1928), 285,
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Jdna raxmoro §, cymecTByeT KOHCTaHTA m, (MegHAIa
E,.), YOOBIETBOPAIOIAA CACAYIOIIAM YCIOBAIMS

P&, < ma) <5

P&, > m,) <o

Hononmnm
E = Elcv ecal lgk — my l < n,
w 0, ecau |§ — my | >n,
. __ Enl—%—'n_{—'g‘nn
W=7 -

Teopewmal), Hyems &, &y, ... — nociedosamenn-
Hocmb 63QUMHO Hesagucumur cayuaiinwx eeaunun. Tozda
yeaosus

S P e —m >0t = D PG =5 —0, n—> o0,

k=1 k=1

(6)

-;:-‘;ZDgnk-»O, n—s oo (N

k=1
Heobxodumer u docmamounsl Oan YCMOUNUGOCMU 62AULUN
Mo, B =14,2, ...
ITpu smom nocmosuuve d,, n=1,2,..., Mmoxuo
*
npunsms pasHumu M., max umo ¢ cayuae

M1, — M1, —0, n— oo

(1 moavro 6 smom cayuae) ycmoiinusocmsb HOPMAALHAR.

HCp. ALKRolmogorov, Uber die Summen durch den
Zufall bestimmter unabhéingiger Grossen, Math. Ann., 1. 99 (1928),
crp. 309—319 (wcopaBnenus u saMeuamHsa K aroil palore, 1. 102
(1929), 8ch. 484—488), weopema VIII M pobaBieEme K Hed Ha
crp. 318.

5%
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Horasaren b ¢ T B o. Hocratouncers yenormii (6),
(7) YCTaHaBImBaeTcs mpocro. B caMoM nede, OOCKONBKY

PO #m) < 2 PEu+5)—0, 1~ oo,
k=1
4 COTrJIacHo HepaBeHCTBy IIeﬁmmeBa

L] * 1 <
P{]%—Mnﬂ]>8}<w z:Dgnk—’Q n—> oo,
k=1

TO
P{lnn—MnH>e}-¢0, n = oo.

Haa poxasatenscrsa HeO6X0oauMoCeTH nam noHano6nT-
€A DALl BCIOMOraTeNbHHX npennosKennii.

Jdemma 1. yemy A,, Ay ooy Ay ~ Hesnglcu-
Mule  cobumus, P (4)>0, i= 1, 2,..., nu daa

n
Rexomopozo u > ( P( U 4)>u. Ecau, kpome moeo,
ial
cobvimue U maxoso, umo d.5 kaxcdozo i = 4,2, , . “n

PWWU |4y >y,
mo mozda

PO)> 4w, (8)
Morkasateancrso, Ecam cymecrsyer raxoe l,
gro P (A}) >—31— u, To
POSPW 4Py > L,
Ilyers remeps pag peex i=14,2,...,n
P(4) < +u.
Torna Haligercs Taroe k, aro

%u<P(Alu...UAk><%u,
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4, 3HAYHT, 1A Beex [ < k

P o U A A) =P ... U A <

SPAU .- U4 <5 u,
POUNTT U4 | 4) > 4u,
PUNEU-- T4 N 4) > +-uP (4),
Orcrona '
)
POY> JPOUNEU- T4 N4>
k .
> u D P(A) > uP(4 ... 4) >,

i=1

Jdemma 2. Hyemv &y &, ..., E, — nesasucu-
Mmble, oepanuiennve, | & | e, i=1,..., n, cayrai-
Hule seAUdUMBL ¢ Hyaceumu cpednumu. Tozda Oas scarozo
a >0 u yerozo m

Pimax|gy -4 & Sm@D + ) <oy (9)

2de
D* = > Dg,.
i=1
Horxasarteancrtso. Ofosgaunm
R=aD +c sp=0, s, =& ...+ E,,
By, ={o:|s;| iR, j<k; |s;| > iR},

n

B; = D\ By.

k=1
daseqas, 9ro ma mMHOMeEcTBE By

Tsp | < iR+ e,
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nonygaeMm
P(Bis1| By) = P{max [s|> (i +1DR|By <

1R

»
<P{ max >aD[B,-k}=
kisp<n b je gy
»
{H-Ilrgpin 2 5| > }

j=k+1
W3 noxaswinaemoro ganee nepasencrsa (3) Tecpemsr 11
§ O caenyer, uTo

»
2 D
< =kt e 1
max l Z EJ'>U'D1 IS < a2DE T e
Uf+1<p<ﬂ s=k41

Hosromy P (Biy | By) < —u,—z npr moboMm k=1,2,..

o T
Juaunr,
P (B[ B) < =
n
F{ max |s;|>mR} = P(B,) =

I<k<n

= P (B Brot) P (B | Buos) ... P (By | B) < —

Jdemma 3. Hyemv E,, By, ..., E, — nesasucu-
MUE  O2DANUNEHHHE  CAYHAUHbE — 6CAUNUHM,  NpPUEH
G —ME I<C,i=1,2,..., n Tozda

PUE -+ B> 0) > [1—— L iy T
=1

Hoxasarteascrno. Ofosmaumm s=§E +

+...+E&,, D= 203,.. Ecam € > D nau 2a > D,
i=1

To mpasas 4acTe B (10) oTpmmaTeabHa W HepaBencTBO

0UYeBAALO.
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ycrs Temeps onucspemenno C < D, 2a < D. Torga
ROCTATOYHO IOKA3aTh, UTO

<| | > ) 101)0’

NOCKOJBKY, OYEBHJHO,

- 1 1 da? L O
P(ls]>0) (l |> ~)/1600>16w [1“aj 1.
Cbosmamum 4 = { s | > 2«} Ecau [Ms | > 2D, o

D*>P(A)M (s — Ms)? | T >(2D—§)2P(J)=

9

H, 3HAYHT,
1
P(4) > .

[Ipennomosny, Teneps, uto M s | << 2D. OGosmauasn
A, :{w.smn\ [s — Ms| < 8(m -+ 1) D, ]s;>-[23-}

U UPUMEHSAA JeMMY 2, HaXO[uM
P(4,) <P{|s—Ms|>3mD} =P{|s— Ms| >

>m[2D + DIy <P{|s— Ms|>m[2D 4 C]} < —

2
Otciona
M (52 4,)P(4,) = M[(s — Ms)? 2 (s — Ms) Ms -

- (M8)2| A, | P (Ay) < 25 21D e

2m

Ha maomectne A = D) 4,

IsI<<ls—Ms |+ [Ms]<<20-D.
IToostomy
M(s* [ A) P(A) 400 D2P(4).



GG V1. HEBABUCHUMOCTD. S3AKCH BOJbIiux UNCEIL

Sleno TaKKe, YTo
ME [ DP ) <L pe

C.HeJIOBaTeJ]BHO,
D' Ms? = M[s?| d) P(d) + M(s?| 4% P4’y 4

+ 2 MIS[A,1P(4,) <

Mm==6

1 - 1)2
< D* 4 400D%P (4) 1. Z_:GWT;:)— .25. D2,

u, z"aumr,

Aoxasarteancrsno Teopemu. Heogg-
XoxmmocTs. Hyers HOCAeROBATENBHOCTE d,,
n=41,2 .., TakoBa, 9T0  mIA  moGore e >0
P(ln, — dy | > &) — 0, n - co. Ioxaskem, gro TOTZa

n

2P{]§k~mkj>n&}—>0, R co. (11)

k=1

O6o3naunm AN naHHOrO N
o U= {in—a>2],
Ay = {|& — my [ > ne},

{, 2 & +my, I ]
B"“: %_dn >';- =
={)(nn~,dn) + m"n_g" )>§}

Ilockonpry My — Meanana &, To

PW|B)>-L.
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Hns nocrarouno Goapwmux n
1
P (U) < !
HO3TOMY

T >PO)>PU[BYP (B) >-Lp By,

1
P(Bk)<—2—-
Hanee, ecan cobrtue 4, BumoNHAETCA, a B, uer, 1o

BHOoJxdsAerca cobwtue U m, 3madnr,

P(Bi | 4x) + P(U 1 4,) > 1.

Ho
P(By| 4y) = P(By) < =

" CaemoBarennno,

[

1 n
PUIA4) >1—P(B,] 4) > T>TP£91A1¢)-
Ilpumenum nemmy 1, B3sB
. . n
u = T P( U Ak)'
k=1
Torna '
i n
PO)> 55 P(U 40P (12)
Cobrrms A,, ..., A, nesaBEcEMH, ﬁoaTOMy
n n ) "
PCU A =1— ]I (1 —P(4y). (13)
. = k=1

| Hocroavky mo ycnbnmo P (U)->0, n—> oo, T0 u3
(12) n (13) monyuaeMm mcromoe coorromernne (11),
Ionoskam Temeps ' '
£ _{Em ecan | — my | < n,
™ g, ecam |& — my | >n,
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u

.
S comm & — my | <en,

£ 0 = |

Mg, ecam [, —m.|[>en.

Hs (11) caemyer, uro ecan; P {|n, —d,|>e} -0,
n-> oo, TO

P { -i-]élgni:—' dn >g}__,> O,
Pl D) — d] > el 0.

k=1

O6ozmanmm §yp(e) = Enp (6) — MEny (8). Torma | Tny (€) |[<<
< 2 ne B no Aemme 3

|

o § B (@) — | >e} =

-t Zto—ni e}

2 G — )| >en} > |1 — 2]

—_—P{k‘

OTKy[ia
lim sup —,:— 2 DEu (8) < 82 (19
n k=1
Haae<<1

| DEui () — DEyi [ < 8n%P {| &, — miy | > ey,
Torpa ua (11), (13) o (14) caeayer, ato

' 1 " _
hmnsup — >\ DE,, < 8¢?,
k=1
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4 8HAINT, B CHAY UPOHsBoALHOCTH € & (0, 1]

n n
. 1 . 1 &
lim— ¥ DE,; = lim— 3! DE,, = 0.
n n E—1 n n

k=1

3. Haasmeiimee o6o6menne Teopemsl YeGnmena moay-
GaeTCA, €CAM TPCIUOJIOKUT, UTC 1), KaKAM-HHEOYIb 06-
Pa30M 38BHCAT OT KCXOAOB KARAX-AH00 7 MCHBITAHUI

QII: ?‘{2’ RS ] mnv

TOK UTO JOCJCE Kan{LOTO ONpefesieRHOTO HCX0Ma BCEX BTHX
1 MCUMTRHEH 1), OPUOAMAET ONpENelecHNOe sHATCHUE,
OCman wumes Bcex TeopeM, H3BECTHHX IOf HAaBBAHMCH
eakona GoAbWUZ wuced, COCTORT B TOM, 4TO CJIH B3aBHCH-
MOCTL BeIIMYAEH 1, OT KaKIOFO OTHENALHOT0 MCHHITAHNH
Upy £ =1,2,..., n, ouenr raxa opu Goasmmx 7, TO
EeIHUALN Y, yeroiunsu. Ecnm pacemarpupars

B?zk = M [M(ﬂnig‘}lh ax29 o ey 52‘(k) —M (nniﬂl, mz, LR Sl{k—))]z

HaK pasyMmMnylo MEpYy 3aBHCHUMOCTH BEJIMYUHEI Nn OT HCILI-
Tagma Yy, To BHIMCYNOMAHYTaA o6masn mnpes saxoHa
GonpmMEX uHCea MosKeT GHTDH KOHKPETHBHPOBAHA CJIEYIo-
IMUMA paccy:Kpiennama ).

Iyers

Enk =M |, W] — M LR P M
Torpa
M — My, = ;ﬂl’}‘gnz S T ol S
Mcnk = MM lnn lmh ce e mk] — MM [T]n l 9‘[1’ LIRS ) Qj:k—I] =
= Mnn - Mnn =0,
DLy = Ming = B,

Jlerro, nanee, mojcamTaTh, UTO CAyYafinne BeamUMHLL
Loms &= 1,2, ..., n, HeKoppennpoBans. B camom neae,

HCp. A. Kolmogoroff, Surlaloi des grandes nom-
bres, Rend. Acad, Lincei, 1. 9 (4929), 470— 474,
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nycrh i << k, Torgal)

M {Cnian l %11 ) szik'—l] = CniM [anlmh L | QIk‘ll =

= Z.;niM {M (’]n I QIla ey QIA) -

— MM Ry el W) | Uy v vy W} =
= ‘Zni !M (‘1n|911, seny 9Lh‘—l) — M (rln I Qxl’ ey mi»‘—i” = 0

U, cIefoBaTeNbHo,
MEiCnk = 0, i < k.
Wrak,
n n
02
Dnn = Z ng = }_] Bni-
i=1 i=1
Taxuy oOpasoM, ycjaobue
n

Z B;"”—>0, n——> o0

i=1

AOCTATOYHO M5l HOPMAJBHOH YCTOMYMBOCTA BENHIHI T,.

§ 4. 3ameuauna K TOHATHI0 MATEMATHAYECKOTO OKHJAHHSA

Msl ompepenmanm MaTeMaTH9eCKO® OMHIAHUE BEJIHIH-
el E kak.

ME =2 ()P o) =  2F. (da).
Q —c0
[Ipa sroM MHTErpaJ B NPaBoi YaCTH MOHUMACTCH B CMhICHE
K =) b
Me= \ «F (dz) = lim \2F.(du). )
- b—»}-00 .

HanpamuBaerca Meiciab 0 ToM, 9To0H PaccMaTpaABATL BEI-
pasKeHne :

Me= lim § F; (do) SNEY
a0 _ .

1 Hpnmeaeﬁue Popmyanm (15) § 4 ra. V,



§ 4. BAMEYAENA K UOHATHIO OKIITAHUA A0

B HagecTBe 06OOMEHHOr0 MaTeMaTHUECKOTO ORHAAHMA.
Onnaxo mpu sToM TepsoTes HEKOTOPhle IIPOCTHE CBOHCTBA
MareMaTHYeCKHX oskupannii. Hampumep, dopayra

MIE + ] = ME+ My

ue Beerna BepHa. [lamee Ml yBHM, 9To mPH HEKOTOpPHIX
OrpauMINBAIONINX NPE/IIOIOKEHUAX Onpesielienne (2) aAB-
JIAETCA BIOJHE €CTeCTBEHHLIM H NIPUTOTHHM.

Unenno, MO/KHO HOCTaBUTE BOIPOC CIeYIOMUM obpa-

soM. Ilyers
§1’§2?---5§n5--.

—= HOCJEl0BATENBHOCTh HEBABNCHMBIX BEJNHUNWH, WME-
mux Ty ke ¢ynkmmio pacupesienenns F g (z) = Fe, (),
n=1,2,...,ro u ¢ Iycrs paaee

EifBaf .. -,

n

i1

CnpamuBaercs, cymecTBYeT M IOCTOAHHAS M®E raras,
4ro IpH RaskpoM & > 0

limP {|n, — ME| >¢} = 0. 3)

Otmer raacur: ecau mawras nocmosnnas MOE cywecm-
syem, 10 M°E = ME. Heobxoaumoe m ocrarounoe yeaonme
AJdA CYmECTBOBAHMA ML BaKITI09MAETCA B CYHMIECTBOBAHHMN
npesiena (2) ¥ BHIONHEHAN COOTHOIICHHS

PUEI>m) =0 (). )

IJTOT  pPesyIABTAT HEHOCPEACTBEHNO BHITEK2ET M3 clc-
JYIOmMEeNR TEOpeMEL.

Teopema. Hyeme E,, &, ...— nociedosamesn-
HOCMb  He3a6UCUMBEL 00UHAK060 PACHPEOeieHHNL Ccayuaii-
nux eeaunur ¢ gynryueli pacnpedesenus F (z). Jaa ye-
moiinusocmu cpednux apugmemuneckur

Git+84...+E,

n T n ?

n=1,2,.‘..
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Heob6xodumo 1 docrmamouno ewnosaHenue ycaosus (4). Hpu
3MOoM 6 cayuae YCMOUMUBOCIU MONCHO NOAOHUMD
k{2

d, = \ 2F (do).

HorasateasncTso. ObGosmaam
. E ecam |E,—m|<n,
0, ecam & —m|>n,

e m — MeguaHa ciaydaiimoit seamuunnt §,. Y3 yenomua
(4) caegyer, 9ro

Z P(g,,1k#§k) =nP(|& —m|>n)—0, nrn—>
k=1
i

Tim — S 22 (dx) = lim 1 Q 2*F (dz). (D)
n n n 1 o
{x: Je—m{n} Jx{<n

—}L— S 22F (dx) = -—jr Z S 2 (dx) <
lxl<n k=1 —1Jx| <k
< 2 RPE—1<] 8] <K<
k=1 ’
n k
ST [BwrE—1<EI<B] <

k=1 " l=1

SERPE—1<IBISHS T IR (5 I>1-1)-0,

[==1
NOCKOJDbKY

P{EI>1—1}—>0, [ oo.

IToaromy
n n
i { 2
— 21 DEy <y D) MEL: =
Ka=y k=1

= ‘i 2?F (dz) —0, n—oo.
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Taxmm o6pasom, yerosma (6), (7) Teopems 3 § 3 Bo-
noJxnenn W s BeAkroro ¢ > 0

P(l“n’“‘Mn;l>3)—'>O, n—> o0,
rjae
. By tE, *

n Ja—mjn

He B cuny yeaosna (4)

2F (dx) — g 2F(dz)—0, n— oo,
fx—nj<n x1<n
H0DTOMY
P(n. — dn,>8)"‘>07 R —> 00,
19iC)
d, = \ 2F (d2).

—n

O6paTno, ecnm nocIe0BATENBHOCTD N, 7 = 1, 2, ., .
yeroiiumpa, To B cuay coorHomenus (11) ws § 3

P {|t —m|[>n}—>0, n—> oo,

OTKYRa cienyer ycuonue (4).

Ecam cymecTsyer MaTeMaTHIeCKOe OKAMAHUE B IPEK-
nem cumsicae (popmyia (1)), To ycaosme (4) Bcerna BHIOJI-
Heno ) @ M § = M°E,

Taxam oGpaszom, M° (E) sapisgerca saxounmM 0Go6me-
nueM MaTemarmideckoro oskupanma M (§). das mero co-
xpangiorcs cpoiicra [—VII (rnasa wersepras, § 2), on-
HaKoO B o0meM ciydyae m3 cymecTBoBanda M° (§) me cae-
nayer cymecTsopanme M° | E |

Jaa roro aro6n AOKasaTh, YT0 HOBOE HOHATHE MATEMAa-
THAYECHKOTO OJKHJAHHA ABAASTCA JelicTBHTenbLHO Goliee 00-
muM, JeM OpelLaymee, JOCTATOTHO CAEAYIOMEro IpuMepa.

Y Cp.A.Koimogoroff, Bemerkungen zu meiner
Arbeit, Uber die Summen zufdlliger Grissen, Math. Ann., 7. 102
(1930), crp. 484—488, Teopema XII,
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BosbMeM HAOTHOCTL BEPOATHOCTH f3 (T) paBHOH

c
fe(x) = (z1+22m{=|+2)°’

UpaIeM ODoCTodHIasg C oupeaessaeTca U3 yCJaAOBUA

o0

\ je(@)da = 1.

—o0

Jlerko gajee IOJCYUTATH, 9TO B DTOM CJAYIAE BHIIOJHEIO
yeaopne (4). @opumyna (2) gaer smadenue

Mog = 01
CJITHAKO I/IHTeraJI
\ el Fede) = § |2l (0)da

PACXOIUTCA.
Ecan @ ecrs orpesor [0,1] n P — neberoscxan mepa,
To M® £ ecTh He 910 muoe, Kak A-mHTerpa ')

1

(D) £ (0) P (do).

0
= 5 a
§ 5. Ycuaennsit 3agoda 0oanHIMX Ameen,
CXOTHMOCTD PSIOB

Onpepmenenue Caydaiigsle BeINIHHBL ¥, IIO-
C/leJOBATeIHHOCTH

N N2y v e oy Npy o 0 e

Cl.1bHO YCmoTliuuesl, ecld CYMEecTBYCT TaRAA THCAOBAA HO-
CAeTOBATEIBHOCTD

dl_vdZ?-~-sdnv"'7

Ly Cua., manpumep, H. K. B a p u, Tpurosomerprdecsue pam,
Gruzmarins, 1961,
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9T0 cAydaiHble BeJINIUHEL
Nn — dn
OOUTH HABEePHOE CTPEMATCH K HYJI0 OpA B — ool
P{lim(n, —d,) =0} = 1.
n

W3 cuabmoil yeroiitmBocTn ciaegyer, oIeBHANO, OORI-
HafA yerofiumpocTs. Eeam MoykHO BHIOpaTsH

d, = Mnny
TO TOBOPAT, UTO CUJAHHASA YCTOHIMBOCTL HOPMAALHA.
Teopewma I. Hyemsv &y, &, . .. — nocaedosamenn-

HOCMb HE3Q6UCUMBIT  CAYLAUHBE eeaunul. Jas cuabrod
HOpMaAbHol yemotivugocmu CpedRUT apuPMemuieckuy

B AE

" n

, n=1,2 ..., 1)

docmamouno eunoaHeHus ycaosus )

0 DE
S —n < oo, )

n==]

Imo ycaosue seasemes HAUAYUUIUM 8 TOM CMBCAE, IO
daa 206020 pABa HEOMPUYAMEALHBE NOCMOSHHuL by,
o0 bn
by, . . . marux, umo Z —F = 00, MOJCHO NOCMPoUmb ma-
N==1
Kol pad us Hesagucumwr cAyvalinwviz seaudun &y, &y . . .,
ymo D §, = b,, a coomeemcmsywwue cpednue apugdme-
muueckue M, n = 1,2, ..., He 6ydym cuavHo Yycmoi-
uLBbL.
Jia morasareancTBa HaM IOHAZOOHUTCS HEPaBEHCTBO
(3) m3 chaemyromeil TEOPeMEL.
Teopema II. Hyemov &, &y ..., &, — Hesasu-
cumvle cayiaiinve eeaununs ¢ nyaeeumu cpednumu. Tozda

H A.Kolmogoroff Surlalolforte des grandes nom-
bers, C. R. Acad. Sci,, Paris, v. 191 (1930), 910-—-911.
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daa awbozo a >0

n

3 oz,
P{max [& +... L &[> < =H—. (3)

2
1<kh<n a

Ecau & mosy e cayuaiinme éeAutUNLL Eq,. . o 5 En 02
panunenst, | & | << ¢, i =4, .., n, mo cnpasedausa mak-
e oyeHKa CHU3Y

P{max [& ... +EI>a>1—LET %)

n
1Ikgm N e
Dz, x

i

I

NokasarteanrcTso Teopewmu Il Ilomo-
wnm s, = 0, s = & + ... 4 Ep

A= { max |s|>a}, 4;y={max [sil < a, |sx| > a)
1<hn I<h1
i

rmek = 1,2.., n Torna 2 A, = A, n, oGosnagan Ip —
k=1
UHIEKATOD MHOKecTBa B, Haxonmm

2 DE, = Msh > M[shl4] = 2 M[sﬁIAk] =

k=1 K==1

= D M{lsy + (sa — s Lay = D) MIasi +

k=] =1
4 D ML, (50— 50° + 2 2 M[Las (82— 8] >
] h==1
> a? Q)P (4;) = a®P (4), (5)
Te MH KCHOJAB30BAJHA TO, YTO

MIT & s (sn = 8)] = M[Ta,5M (80 — 85|81 .00 Bl = 0.

Na (5) cnegyer TpeGyeMoe HepaBeHCTBO (3).
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UYroGnr yeTaHOBUTE (4), 3aMeTHEM, 9T0, ¢ O{HOH CTOPOHH,
MIsiTa] = Ms}, — MsiT; >
n n
> D\ Dg —a?P (1) = D) DE, — a® + a?P (4).  (6)
k=1 fe==1

C gpyrofl ¢cTopoHn, BOCIGIAB3YEMCS TeM, 9TO Ha MHOKeCT-
Bax Ak lsg1 | <Ca, wm, suaunt, |s, | << a-+ e Torma

MsiT 4] = ,>_, M (53 Ta, ] -+ Z MUTa, (50— 571 <

=1 =1

<f(a+ oy 2 P(4) + 2 P(4)) 2 DE

k=1 k=1 J‘ =k-+1
[(a Te Z D | P(4). (7)

s (6) m (7) monydaeM HWCKOMOE HEDABEHCTBO

k3
2' DEk— a?
K=1
P(4) > — e
(a+ o2+ D) DE, —
=1
—1 — (a+c)? ~>1— (a+0)"
n =
(a + 6)2 + }] ng — a? 2‘ Dah
k=1 k=t
HorazarenbcTrno teopemu I. He orpa-
HuduBag o6nmocm MOKHO cuamTaTsh ME, = 0, n =1,
2,... Torga pna poxaszaTedbCTBa TOTO, 9YT0 CPEHAHHE

S
apIPMCTHILCKIE W, == —* CXO[ATCA € BEPOATHOCTBIO efH-

HANa 1 HYJI0, JAOCTATOYHO [{OKazaTh, 4T0 AJf 70Goro
¢ > 0 BepoaTtHOCTH

P {lim sup
n
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B cuay nepasenctsa (3)

PmEP{ max |— >8}<
2m<.n<2m+1 n
) 9M1+1
<P max [0,]>2") < () 2 D
1<n<e+l 2% J oo
IToaronmy
(4 5
PEPihmsup — > < 2 P, <
M==0
o , 2 o oo git1
1 1 1 1 \?
<# 3 (37) Boa<w 2 3 (5) B ou<
m=0 n=]1 i=0 m=i n=al
o Lot =
1 1 8 n
<z 2 <F> 2 DL << D .
i=0 n=gt n=\

BaMeTHM Temeph, 4TO BEPOATHOCTH P He M3MEHHTCH, €CHH
BaMEHHUTH HyJeM Jio6oe KOHEe4HOe YHCIO0 HePBHX UIeHOB
nocaexoBaTeAbgocTd &y, &y, . . . 3HaumT, A gioboro N

]

Dg
P<E D -,

ne
n=N
o0
DE,,
4T0 B CHJY CXOAHMOCTH DpAAa z 2 JOKaapIiBaeT, 4To
n=1

P =0.

Jlnsa moKazaTenbCTBa BAKIIOUHMTENLHOTO YTBEPIEHUSA
TeopeME IOCTPOMM HOCHEf0BATETBHOCTh HE3aBHCHMMIX
cayuafiHbIX BeJAWdHH §;, &, . .. caenylommMm obpasom.

—5 <1, 10 Bo3BMeEM
Eh=n, 8= —n, £, =0

¢ BEPOATHOCTAMH

Ecaun

COOTBETCTBEHHO.
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b

Ecnu xe —é‘-) 1, TO WONIOKHM

En = ng En = - VBn

¢ BEDOATHOCTAMHU, PABHBIME -
2

Torga ME, = 0, M§: = b,. Ecam remeps npemno-

JOMHUTH, 49TO HA MHOJKECTBE NOJORATENBHON BEPOATHO-

S,
cTH —nﬂ —~ 0, n = oo, TO TOTHA m3 paBeHCTBA

En__s__ n—1\ Sphq
n T n n n—1

Oyzer clIeIoBaTh, UTO € MOJOKUTENBHON BePOATHOCTLIO
o0
En n
———0, n— co. Ho B cuny pacxomumocta psapa -5
n=1

pag

En
n

3l

Orcropa B cmny semmut Bopean — Hanrennm ') caexyer,
I

\_
>1J—oo.

o

910 He MOIeT C IIOJIO}I(I{ITGJIBBOI?I BEepPOATHOCTBIO CXO-

AATHCA K HYIK.
B caydae, wrorma HezaBECHMBE ciydaiiHbe BeIHMIAHL!
By By . .. HMEIOT OHY M Ty jxe QYHKOUIO pacmpesese-
ausa F = F (x), Mmoo gate HeobxonmMoe n TOCTATOYHOE
yeaonne [iAA CHALHOH ycToHumBoCTH cpegumX apudme-
THICCKHX, ‘

1) 3aech W malee MCMOMB3YeTest CACMVIONHI BAPUAHT JI€ M M I

Bopena—HKantenmm ecn 4y, As, ...~ HOCHEZOBATENBHOCT b
colbrTnil Taknx, wro nx wupnwaropu [, , I A, -+ HesacuCUMHE, TO
oo

2 f, . <{ o0 ¢ BEPOATHOCTBIO CAMHFNA TOrga U TOJNBKO TOTAR,
A, L
n==1 . . R AR

X
KOI'Za 2 P (An) < o0,

==
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Teopema Il Ecau &y, &, . .. — nocaedosamenn-
HOCINb He3qeUCUMBLE 00UHAK060 pacnpedeseHBBr CcAYuali-
Huz eeauuur, mo yeaosue M | E; | < oo asascmen neobzo-
Sumum u docmamounvim 048 CUABHOU HOpMAALHOL ycmoli-

8
YUG0CIMU CPEOHUT APUPMENMUHECKUTL Ny, = —;L’i ,n=1,2,...

HToxrasarteancrno. Ilyets M [E | << oo mo-
Ka)KeM, 9T0 TOTIAa ¢ BePOSITHOCTHIO efEHNIA

8,
s My, n oo, ®)

Hapany ¢ BemmunEamm E, PacCMOTPHM «ypesannrey be-
DUIEEE :

. {'Em ecan ]En ] < n,
&= 0, ecm |E,|>n.
Torga

P& = 2 P{ta|>n = 2 P{t|>n =

n=] =1

o0

=N D PELILISE+ ) =

n=31 k2n
=P hLI<n+ 1<
N
<3 § jaFEn< § 121F @) = MG < .
k=0 {k<|x|<k+1) —00

Moatomy mo nemMe Bopeins — HanTennm ¢ BepoATHOCTHI0
eQUHENA DPOHScHIeT JAMIIb KOHEYHOE 9YHCAO COOHTHIX
A, = {En =&}, n=1, 2,... Orcoga BHTeKaeT,
wTO JOCTATOYHO [HOKABaTh, 9T0 C BEPOATHOCTHIO EJHHENA

g 4+... 4+,

n

—_ Mgl‘
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Hockoanny
Mg’; — MEU
TO OTCIA HETPYAHO 3aKII0OUATH, 9TO
-k %
MZT 4. ME) M
- glv

n
H, 3HQIAT, HAAO YCTAHOBHTH, UTO ¢ BEPOATHOCTHIO SIMHINA

§1+...+En

n

— 0,

Tae
=& — MEL.

Hna moxrasaTeabeTBa DTOro HOCTATOYRO JHMIIDL yOeauTh-
CA B TOM, 9TO A HOCAEOBATEILHOCTH &y, Lj,... BHITOJN-
hd 72

W 7
HeHo yeaoBHe ) 3
Ti==]

< oo Teopemsr I,

Unteem

0 Méz (=] M (gt)g 1
2 < A——=D = S 2F (dz) =
n=t n=1 =1 xisn

<Zw3r § jelrEm-
. ne=1 =1 1 Jimihy
=3t § jairan 3 L<

E=1 0 (1< o] <) n>k

<23\ (2] F s = 2M]8 < .

k=1 (k—1E(xir)
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WNrak, yeaosue (2) Teopemsl 1 BumonHeHo, u, cilefona-
Bi...+E,

p —0,n— oo.

TeJlbHO, C BePOATHOCTLIO eJHNHANA

$
IIycrs Temepp ¢ BepOATHOCTHIO ENHMHHAIA ~—:—-> ME,,

n—soco.
Torma m3 paBerCTBa

En S [n—=t) Sna
n o n

n n—1

£ _
caenyer, 4TO ¢ BePOATHOCTBIO exmnnua—nl—» 0, n— oco.
IlosToMy pasa Becsxoro € > 0

4
9T0 PKBHBaJleHTHO mo JemMe Bopeas — Hamresan mepa-
BEHCTBY

En
n

> e dan 6GecKOHEUHO MHOZUT n} = 0,

el

n=]1

>8}<00.

Ho B cayduae OMHAKOBO pacUpefeseHHHX BeJUYAN BTo
yCIAOBME DPABHOCHJIBLHO, KAaK JETKO TPOBEDPHTH, YEJORHIO.
Mg | < oo
Teopema III noxasama.
Hycres remeps omare E,, &, ... — mociaemoBaTens-
HOCTh HE3AaBUCHMHX ciyuaiignx Beamunms. Torga Be-
00
POATHOCTE CXORMMOCTH DANa Z E. pasBa anbo myio,
n=1
an6o epmEmme (cp. ¢ Teopemoit JlonmonHenusa).
Teopema IV. Jua cxodumocmu ¢ eepoamnocmbio
edunuya pada
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docimamouno o0dnospemennoll cxodumocmu deyx psdos

D\ ME,, ) DE,.

n=1 ==l

Ecau w momy oce cayuaiinue eeaunumnn Ey Eos.n
pasnomepro oepanuvenu, | &, | << C, n=1, 2, ... ,
mo smo ycaoeue A[6aiemca U Heobxodumuim. o0

Hoxasateasctro. U3 cxogmmocTn pana ZDEn

n=}
m HepaBeHCTBA (3) caenyer, 9TO ¢ BEPOATHOCTBIO euHU-
©

Ha CXONUTCHA DAL 2 (E» — ME,). Buecre co cxommmocthio
-] n=1

pana 2, ME, orciofla BmITeKaerT TpedGyemoe YTBep:KAenue
n=1
o]

0 CXONHMOCTH C BEPOATHOCTBIO eMHWNA papga | &,.
Ne=]
Iycers Teneps Besmumum &y, E,, . .. PaBHOMEDHO orpa-
[s+]

HUYEHLI ¥ AN Z {én CXOJUTCA C BEPOATHOCTHIO euHyna,

n==l
HOGTPOHM IOCJIeOBATEJIBHOCTD HE3aBUCHUMEIX Cay4 aii-

Bux Benmuun &y, &, ..., MMEOIUX Te jke caMiie pacope-
penenus, arou &y, &, ... Torma ¢ BeposrmocTnIo eNMHNIA
o0 [~

CX0AATCA TAK}Ke M KayK[HA u3 PANOB Z & Z (En — E,).
: n=1 n=1

Iockonbky M(E, — E,) = 0, 10 n3 CXOIUMOCTH C BEPOAT-

[+ ]

HOCTBIO @AUHANA pAIA 2 (gn—’g‘n) B  HepaBeHCTBa (4)

N==]

caenyer, aro ) D (&, — E,) < co. A smawmr, u D\DE, =

M=z} Nt

= _i- D DE, — E,) < co. Torza B CHIYy mepBoii wacTw

n=1

TEOpeMbl ¢  BEPOATHOCTHIO CAHUA CXopuaTeA pﬂn
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oo o]

Z (&, — ME,), 410 BMCCTE CO CXOJHMOCTLIO DPAAA E.En

n—=={ n=j\
[~

N
ofecreanBaeT CXORAMOCTh pata 2 ME,.
n=1
Teopema IV porazaua.
Hycrs

c {En B cayuae |&,|<CC,
& = 0 B cayuae |E,|>C.

Teopema V. Jua cxodurnocmu pada

D &

n=l

us Hesasucumuxr cayualinnx eeaurnun &y, &, ... HeobIO-
duma u Odocmamouna 00HOBDEMEHHAR CTOGUMOCILL RpU
neromopom C > 0 wascdozo us mpex pados ')

o0

S P{E. >0 D) MED, D) DEL
n=1

n=1 n==1

NoxasareabctBo. Jocrarousocts. Io-

o0
CHKOJIBKY 2 P{&|>C}< oo, To mo nemme bopens —
n=1
c
Kautennm moduTdH HasepHoe &, =§;, [Oad BCex n, 3a
HoKJII0IeHUeM, OHMIb MoeT, KoHeumHoro uumcia. Torma
Ho TeopeMe 4 ¢ BEDOATHOCTLI eAWHHIA CXOLHTCHA DA

00 oo
c
Z t,, a 3HAYUT, B DPAJ Z ..
n=1 n=1
oo
Heo6xogumocth, Ecnm pag Z k. cxogmTcs C Be-
f==1

POATHOCTHIO efMHALA, TO E,—> 0 mourtm HaBepHOE, 1 —> o0,

o

3 Cp. A.Khintchine und A.Kolmogoroff,
Uber Konvergenz von Reihen, Matem. ¢6., 7. 32 (1925), 668—677.
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Hosromy muss Beaxoro C >0 MoxeT HpoOmBOHTH camoe
Gosbmee xomeymoe wmeno cobsrrmit {[E,|> C), a smaunmr,
o

uo geMMe Bopens — Hanrenan 2, P{|&.]>C) <oo. anee,

n=1
oo

3 CXOINHMOCTH pAma Z E, clefyer, WTo CXOIUTCH TakiKe

n=1

==

¥ pAafg 2&3 Torga  cxoguMoCTh pAKoB 2 MES u
=1

2 DS Brreraer ua TeopeMn 1V,
n==1



JOINOJHEHMUNE

OJHA 3AMEYATEJ/IbHASI TEOPEMA
TEOPUM BEPOATHOCTEN

Habmomannes y:xe MHOIHE CIyIad, B KOTODHX H3BECT-
Hble IpegeJbHbe BEPOATHOCTA ¢ HE0OXOIMMOCTHIO PABHE
gyno pad eqmaune. Haopumep, BepoATHOCTH CXOMMMOCTH
pfAja U3 HE3ABUCAMEIX CIyYafHHIX BEJHINH MOKET OPHHH-
MATH TOJBKO BTH ABa 3uHadeHma'). Mn joxamkeM Tenmepsb
ofurylo TeopeMy, 0GHHMAOIIYI0 MHOrO TAKAX CIyd4aes.

Teopema (saxon «0 miu 1»), Iycms &y, &, . . . —
kakue-aubo cayuatinve seaununvl, a f () = f (xy, Ty « . )—
6oposckas pynryus ) nepemennur x = (I, Z . . .) Ma-
kQs, 4MO YCA0BHASL 6EPOAMHOCL

P{f(&l) 521'~')=0I§17 gzv---: gn}

COOMHOWEHUR

By By o) =0
npu ussecmunx n nepeur seausunar &y Eyy oo ., En oC-
maemea pasioll abCOAOMHOL BEPOSMHOCINY

P{f(&s &, ...) =0} , )]

1y Cp. rnasy mectylo, § 5. To ke mmeer MecTO M [JA BepoAT-
HOCTH
' P{nn-—dn—»(), ‘n-—»oo}

B VCHJICHHOM B3aKoHe GOJBINNX UHCeNd, 0 Kpailmeil Mepe Korga be-
auaves £, B3amMHO HO3ABUCHME.

?) Ilog Goposckodl QyHKuEell momMMmaercA QyHKHHUA, KOTOpPaA
MOIKeT OBITH IpeCcTaBieHa, MCXONA M3 IOJMHOMOB, 4Yepea UOCJe-
uoBaTeAbHBIE HTePHPOBAHHEE UpelesibAble HePeXobl.
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0as kancdozo n. llpu smuzx yeaosusz seposmuocms (1) pas-
Ka Hyaio uau edunuye.

B wactrOCTHE, HpEeNIOCHIKEA 5TOM TEOPEMH BHIOOTHSOT-
€A, ecam ciaydaiiHne BeanunEn E;, E,, ... HezaBmCEMH
n sHavenme GYHKOAH f (I) OCTaeTCA HEW3MEHHHIM TDH H3-
MeHEeHHHN JUMIb KOHEYHOTO 9YACHA BENHYHH Z,.

Horasarensc T Bo. Obosmauum E = (&, &, .. .),

B 0OYyCTh
A = {0s](E) =0).

Hapagy ¢ oram coGuitmeM MLl pacecMoTpmM aarebpy R
BCex CcoOmTHil, KOTODHIE MOTYT OHITH OIpefielleRH uYepes
KaKkpe-in60 COOTHOWEHHAA MeKIY KOHEYHHIM YHCIOM
Beamand §,. Ecam coburme B mpuramiesxar R, To mo ye-

J0BHAM TEOPEMH
P(4 | B) = P (4). (2)

B cnygae P(A4) = 0 mama reopema yme pmoxasaHa.

Iycre Temeps P (4) > 0. Torma ma (2) cnegyer dopmysna
_ PAIBP®B) _

P(B|A) = 2 — p(B). 3)

Wrax, P(B) n P(B | A) — nBe cueTHO-affHTHBEHE

§ysKkoEE MHOKecTB, coBHagamoimme Ha N, cllefoBaTeNb-

HO, OHE [OJUKHH OCTABaThCA PABOHIMA APYT APYry na

Ka)KIoM MHOKecTBe OopeiaeBckoro pacmmpendas o (N)
anre6pn M. Ilostomy, B wacreOCTH,

P(4) =P (4 |4)=1.

Teopema goxasana.

Hexoroprie apyrme ciysam, B KOTOPHX MOKHO yTBep-
’KOaTh 00 M3BECTHRIX BEPOATHOCTAX, YTO OHA IPHHEMAIOT
TONLKO BHAYCHAA HYJIb ¥ eJUHHNA, OBUIA OTKPHITH
1. Jlesm 1).

1y Cm. no stomy mosopy P. L é vi, Sur un théoréme de A.
Khintchine, Bull. des Sci. Math., . 55 (1931), 145~160, reopema I,
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